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I. Introduction
The following result known as the Enestrom-Kakeya Theorem
is an elegant result in the theory of the distribution of zeros of
polynomials:
Theorem A: |If the coefficients of the polynomial

n
P(z)=) a;z) satisfy 0<a, <a, <.

j=0
then all the zeros of P(z) lie in the closed disk |Z| <1.

In the literature ([2], [4]-[6], [8]-[12]) there exist several
generalizations of this result. Aziz and Mohammad [1] proved
the following generalization of Theorem A:

<a, ,<a

n:'

n
Theorem B: Let P(z) = Zaj z' be a polynomial of
j=0
degree n with real positive coefficients. If t, >t, >0 can be
found such that

a;tt, +aj Lt -t)-a,,20,j=12,...,n+1
(@,=a,,=0)

then all the zeros of P(2) lie in |Z| <t,.

For t, =1,t, =0, it reduces to Theorem A.

Aziz and Shah [3] proved the following more general result
which includes Theorem A as a special case:

n

Theorem C: Let P(z):Zasz be a polynomial of
=0

degree n. If for some t>o,

HR‘ta 2" +(ta, —a,)z"*

where R is any positive real number, then all the zeros of P(z)
liein
M 1
2] < max(—,=).
2| R
Recently B. A. Zargar [13] proved the following result:
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...... + (ta, — anfl)‘ < Numbers t,,t,;t, #0,t, >,

n
. _ i ;
Theorem D: Let P(2) = Z(;aj z' be a polynomial of
J:
degree n. If for some real numbers t;,t,;t, #0,t, >t, >0
and for some complex number o ,

a,(t,-t)+a—-a, }z
n+2 . < M ,
Hpzpr|, Z{a tt, +a,,(t —t,)—a, 32" "
where R is a positive real number and

a,=0=a,=a,, =4a,, thenall the zeros of P(z) lie

1
7| < max(r,E),
where

r=2aR?a,t, -t,)-a,, +a| +M?*]+

{lo|R*M +R*(M
+4Ja,|R*M

— \an\)\an t,-t,)—a,, + a‘}z

1
{a|R?|a, (t, —t,) —a, , +a|+ M?}]?
—[|a|R*M +R*(M —[a,)[a, (t, -t,) —a, , + ]
I1. Main Results

In this paper, we prove the following generalization of
Theorem D:

n
Theorem 1: Let P(z) = Zai Z’ be a polynomial of degree
=

j=012,.....,

>0 and for some complex

nwith a; =a; +15;, n. If for some real

number & ,
a,t -t)+a—-a,  }z+
max 2 o< My,
=R Z{ajtltZ ta, t,—t)) - aj_z}z nie .
=0
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(b —t) - f}z+
n+2 < M ’
‘4szﬂtt+ﬂua ~t,) =By
where R is a positive real number and
a,=0=a,=a,, =4a,, , thenall the zeros of P(z) lie
in

1
7| < max(rl,ﬁ),

where

= 2[|05|R2|an t, -t,)-a, +a| +(M, +M,)’]+
HoR*(M; +M,)+R*(M,; + M, —[a,|)
|an t,-t,)-a,, +a|}2 +4|an|R2(M3 +M,)

{]05|R2|an (t,-t,)—a,, +a| +

1
(M3+M4)2}]2 _[|05|R2(M3+M4)
+R*(My +M, —[a,))
|an(t1_t2)_an—1+a|]
Remark 1: For ,Bj =0,j=012,.....,n,

reduces to Theorem D.
Taking o =0 in Theorem 1, we get the following result:

Theorem 1

n
Corollary 1: Let P(z):Zasz be a polynomial of
=0

degree n with a; = +i,8j, j=012,....,n. If for
some real numbers t;,t,;t, #0,t, >t, >0,
n+l o
n—j+
max d{att, +a ., —t)—a, Y2 <My,
-1
n+1 o
n—j+
max‘z‘:R Z{ﬂjtltZ +ﬂj—1(tl _tz) _,ijz}z < sz
i1
where R is a  positive real number and
,=0=a,=a,,=a,, ,thenall the zeros of P(z) lie
in
1
|7 < max(rl,E) ,
where

L=2(M;+M,)* +
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KR*(M;+M, —|a, |)|a t,

+4Ja,[R*(M, + M4)3]5
—[RZ(M3 + M4 _|an|)|an (tl _tz) _an—l|]'

1. Lemmas
For the proofs of the above results, we need the following :

Lemma 1: If f(z) is analytic for |Z| <1, f(0)=a, where |a| <1,
f'(0)=b, |f(Z)| <lfor |Z| =1, then
(- lapiz” +Jol2] +al(~[a)

f(z)|< ! .
[al(L~[afz]” +b]2| + (L ~[a)
The inequality is sharp with equality for the function

t2) - an—1|}2

b 2
a+—12-12
l+a

f(z)=

1- —z—az?
l+a
The above lemma is due to Govil, Rahman and Schmeisser [7].

Lemma 2:If f(z) is analytic for |Z|SR , f(0)=0, ,
f'(0)=b, |f(Z)|<M for|Z|:R then
M|z| M|z| + R?|b|
HOE

M +[b]z

Lemma 2 is a simple deduction from Lemma 1.
IV. Proofs of Theorems
Proof of Theorem 1: Consider the polynomial

for |Z|S R

F(2) =(t, + 2)(t, —2)P(2) = (t, + 2)(t,
+a, 2"t

-2)(a,z" +
— _a Zn+2
+a,,(t —
+{a,tt, + ai(tl —t,)- ao}z +{att,
+a,(t, —t,)}z+a.tt,

Ha, t, -t,) a4}z i +{a, tit,2"

—t,)—a, 32" +

2
— _an Zn+

+a,,(t

+Ha,tt, +ay (t, —t,) - 0‘0}22 +{aytt,

+a,(t, —t,)}z+att, +il{B,(t, —t,) - B, .}z "
Bt + Bt —6) = B3+
+{B4t, + Bt -t,) _ﬁo}zz +{Btt, + Bt -t,)}z
+ Botit, ]
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Let G(z) = z“*zF(l)
z

=-a, +{a,(t, -1t,) —a  }z Ha tit, + o, (1, - 1))

—a, 32 ot o (- t,) — )2
+{att, +a, (t, —t,) 2"+ tt, 2"

+il{B, (t, -t,) - Bz +H{B Lt + B, (t, - t,)
— B3+ B, + B —1,) - B}
+{Btt, + B, (t, —t,) 12" + Bt,t,2"]

WRURTBT

(M, +M,)|z|+|a, (t, -t,) —a,, +|R?
X
(M, + M2)+|an(t1 -t,)-a,, +0‘||Z|
for |Z|SR.

Hence, for |Z| <R,
G(2)|=|-a, —az + H(2)
> [a, |~ |e]z|-|H (2)]

=-a —az+H(2) 2|an|_|05”2|
where n _w
H(z) ={a,(t, -t,) +ta—a,  }z +{a,tit, + o, (t, - 1,) R

—a, 32+ ot ot —1,) — o 32"
+Hagtt, + o, (t, —t,) 32" + o, tt, 2"
+i[{p,t, —t,) - B, Yz+{B.tt, + 5, ,(t —-t,)
— B 32+ B+ B 1) - B}
+{BLL, + B, (t, —t,) 12" + Btt,z2"?]

Then H(0)=0 and [H (z)| < M, + M, for |z| <R.
We first assume that |an| > |a|R +M,+M,.
Then , for |Z| <R,

G(2)|=|]-a, —az+H(2)|
>|a,|-|afz| - (M, + M,)
>|a,|—|z|R = (M, +M,)
>0

i.e. |G(Z)| >0 for |Z| <R.

Hence, it follows that all the zeros of G(z) lie in |Z| >R in
this case.

1
Since F(z) = 2"?G(=), it follows that all the zeros of F(z)
z

and therefore P(z) lie in |Z S% in case
a,| > |a]R+M, +M, .
In case |an| < |a|R +M;+M, we have

H(0)=0,H'(0)=a,(t, —t,)—a,, + aand
IH(2)| <M, +M, for 2| <R.
Therefore, by applying Lemma 2 to H(z), we get
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(M, +M,)|Z| +|a, (t, -t,) —a,, +|R?
X

(M; +M,) +a,(t, -t,)—a,, +af7
>0
if
|an|R2[(Ml + MZ) +|an (tl _tz) _an—l +a||Z|]
_|Z|[|05|R2{(M1 +M,) +|an t-t)-a.+ a||Z|}]
—(M; +M,)Z[(M, + M,)|z| +

la, (t, -t,) —a,, +a|R*]1>0
i.e.if
le|R?|a, (t, —t,) —a,, +a|+ (M, +M,)?][*

+[aR* (M, + M,) + (M, + M,)fa, (t, —t,)—a,, +a|R®
—|an|R2|an(tl -t,)-a,, +a|]|z|—|an|R2(Ml +M,)<0

or if
le|R%[a, (t, —t,) —a,, +a|+ (M, + M,)*]z|’
+[[a|R* (M, +M,) +R*(M, + M, —|a,|)
la, (t, - t,) —a,, +all
-la,|R*(M, + M,) <0
This gives |G(Z)| > 0if
7 : .
2[|a|R2|an t-t)-a,, +a|+ (M, + Mz)z]
HloR* (M, +M,)+R*(M,; + M, —[a,|)
la,(t,—t,)—a,, +off* +4a,|R* (M, +M,)
{]05|F\’2|an (t,-t,)—a, +a|
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1
+(M; + Mz)z}]2 —[|0¢|R2(M1 +M,,)
+R*(M, + M, —[a a, (t, —t,) —a,, + ]

<R
if
{e|R*(M, +M,)+R*(M, + M, —a,|)
|an(tl _tz)_an—l +a|}2 +4|an|R2(Ml + MZ)

1

{o|R?[a, (t, -t,) —a,, +a|+ (M, + M,)?}]?
—[|R*(M; +M,)+R*(M, + M, —|a,|)
|an (tl _tz) —a,, +0{|]

< 2R[a|R?|a, (t, —t,) —a,; + |+ (M, + M,)?]

orif
{e|R*(M, +M,)+R*(M, + M, —a,|)

la, (t, —t,) —a,, +af}* +4a, |[R*(M, + M,)
{]0‘|R2|an(t1 -t,)-a,, +a|"‘(M1 + Mz)z}]

<[2R{a|R?*|a, (t, -t,) —a,, + |+ (M, + M,)*}
+{la|R*(M, +M,)
+ RZ(Ml + MZ _|an|)|an (tl _tz) _an—l +a|}]2

orif
4a,[R*(M, + M, {|R?[a, (t, -t,) -2, +

+(M; +M,)}

<4R*{a|R?|a, (t, —t,) —a,, + o]+ (M, + M,)*}
+4R{a|R* (M, +M,)+R*(M, + M, —[a,|)

|an (tl _tz) —-a,,+ CX|}

{]a|F22|an (t,-t,)—a, ., + a|

+(M; +M,)’}

or

o R (M, + M) < RUalR o, )~
+(M, +M,)*}
+ R{]Q|R2(M1 +M,)
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+R* (M, + M, —[a,|)

|an (tl _tz) —Q, Tt O{|}

or
a,|(M; +M,) <|a|R?|a, (t, —t,) —a,, + o] +
(M, +M,)? +R{le|(M, + M,)
+(M,+M, —[a,])
|an t-t,)-a,,+ 0‘|}
or

a,|(M; + M,) < (M, +M,)(a|R+M, +M,)
+|an (tl _tz)_an—l +C¥|
{e|R* +(M,+M, —|a )}

which is true since |an| < |a|R +M, +M,.

1
Thus, |G(Z)| >0 if |Z| < — . Hence, all the zeros of G(2) lie
r.l

. 1
in |Z| > —.
rl

1
Since F(z) = 2""*G(=), it follows that all the zeros of F(z)
z

lie in |Z| < 1,. But the zeros of P(z) are also the zeros of F(z).

Therefore all the zeros of P(z) lie in |Z| <n.
Combining the above two arguments, it follows that all the

1
zeros of P(z) lie in |Z| < max(rl,E) , completing the proof

of Theorem 1.
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