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Abstract

In this paper, we define some basic concepts of bipolar fuzzy graphs. Some
basic properties have been presented.
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In 1994, Zhang initiated the concept of bipolar fuzzy sets as a generalization
of fuzzy sets. Bipolar fuzzy sets are an extension of fuzzy sets whose range of
membership degree is [-1, 1]. In bipolar fuzzy set, membership degree O of an
element means that the element is irrelevant to the corresponding property, the
membership degree [0,1] of an element indicates that the element somewhat satisfies
the property, and the membership degree [-1,0] of an element indicates the element
somewhat satisfies the implicit counter property.

Let X be nonempty set. A bipolar fuzzy set B on X is an object having the
form B={(x,u "0 0(x), w(X))]x<€ X}, where u*: X—[0,1] and p:X —[-1,0] are
mappings.

If u*(x) #0 and w(x) = 0, it is the situation that x is regarded as having only
positive satisfaction for B. If p*(x) = 0 and p'(x) # 0, it is the situation that x does not
satisfy the property of B but somewhat satisfies the counter property of B. It is
possible for an element x to be such that u'(x) # 0 and p’(x) # 0 when membership
function of the property overlaps that of its counter property over some portion of X.
For the sake of simplicity, we shall use the symbol B = (u*, ") for the bipolar fuzzy
set B = {(x, p 0 0(X), w(X))|x e X}.

Height [8] of a bipolar fuzzy set B = {(x, n*(X), w'(x))|x € X} of a nonempty set X is
denoted by h(B) and defined as h(B) = max{ pu'(x)| xe X}. Depth [8] of a bipolar
fuzzy set B of a nonempty set X is denoted by d(B) and defined as d(B) = min{ p
(X)xeX}. Let=B{(x, p"1(x), w1 (X)X E X} and B, {(x, p'2(x), p2(X))|x € X} be two
bipolar fuzzy sets in X . B, B, if p*1(x) < p(x) forall X€ Xand py(x) > pp(x) for

all XX The support [8] of B is denoted by supp(B) and defined by supp(B) =
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{X|u(x) # 0 or w(x) # 0}. The upper core [8] of B is denoted by c(B) and defined by
E(B){x | y*(x)zl}. Similarly, the lower core [8] of B is denoted by c(B) and defined
by c(B)x| & (x)=—1}. Let t, (0], t, e (-L0]and B = (u, w’) be a bipolar fuzzy
set. {t1, t,} cut level set [8 of B to be the crisp set
B Ixesup p(B)| #*(x)=t,and u~(x)<t, |

For every two bipolar fuzzy sets A = (ua’, pa) and B = (ug*, pg’) on X,
(AN B)x) = (min{s; (%), 15 (x) max(zzz (x) 215 (x)).

(AL B)x) = (max{z; (%), 15 (X)) min(zzs (x), 25 (x)).
Definition 2 : A bipolar fuzzy graph H = (X, &) is simple if £ has no repeated bipolar
fuzzy edges and whenever A, Be & and AcB, then A =B.
Definition 3 : A bipolar fuzzy graph H = (X, &) is support simple if whenever A, Be¢&
and AcB and supp(A) = supp(B), then A = B.
Definition 4 Let H; = (Xy, &) and Hy = (X3, &) be two bipolar fuzzy graphs. Hj is
called partial bipolar fuzzy graph of H; if & c&,.
Example 2 Let = {X1, X2, X3, X4, X5} be a finite set and = {B;, By, B3, B4} be the
bipolar fuzzy set on subsets of X. Here B1={(x1,0.4,-0.3), (x2,0.6,-0.2), (X3,0.7,-0.4)},
B,={(x3,0.6,-0.5), (x4,0.4,-0.7)}, B3={(x3,0.9,-0.6), (x5,0.4,-0.2)}, B4={(x4,0.8,-0.7),
(%5,0.4,-0.1)}. The graph (X, &) is a simple and support simple bipolar fuzzy graph

shown in Figure 2.

Figure 2: Example of simple and support simple bipolar fuzzy graph.
Definition 5 : Let X = {Xx3, Xo,..., xn} be a non empty finite set and B={B1,B,,..., Bk}
be bipolar sets of subsets of X. (o, B) - cut of bipolar fuzzy graph, H = (X, B),
denoted by H,p, is an ordered pair H,,p) = (X(ap), &,p))Where:

1) Xep=X
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2 &up={Biwpl Biwp={xie B (x)=a, p (x)<p},i=1.2,....n,j=1,2,... k}

(3) Brri@p) = {Xi¢Bj, i=1,2,...n,j =1,2,....k}

(o, B) - cut of bipolar fuzzy graph is a crisp graph.

Definition 6 Let H = (X, &) be a bipolar fuzzy graph, and for

0 <o <hH), dH) <p <0, let hup — (Xwp), Eap)-level hypergraph of H. The
sequence of real numbers {Sk, Sk-1,..-,81,/1,l2,...,fn} such that

d(H) = sk < Sk1< ... <81 <0 <1 <rp,<... <ry, = h(H) which satisfies the following
properties

(1) I sia<I<sy,nn<k<r, then By, =B

r|+115|+1) !

A

(2)  Byy=9¢B: )
For a graph H, let fundamental sequence be F(H) = {sk, Sk-1,...,S1,l1,l2,...,;n}where k <

n be two positive integers. The core set of H is denoted by C(H) and defined by
C(H): {H(rlvsl)' H(rz,sz)""’ H(rkvsk)}.

We now define dual bipolar fuzzy graph as follows.
Definition 7 Let H = (X, B) be a bipolar fuzzy graph where X = {xi, Xa,...,xn}be a
finite set and B = {B;, B,,...,Bn} be a bipolar fuzzy sets on subsets of X. The bipolar

fuzzy graph H = (E,Y) is called dual bipolar fuzzy graph of H if

(1)  B={b,b,,.b,} is set of vertices of H corresponding to Bj, By,...,B,

respectively.

2) X = {)_(1,)_(2,...)_(n} where

Xj = {(bj 'ﬂf(bj )’ﬂf(bj ))| M (bj )= #45 (%), ﬂf(bj )= #; (% )}

Definition 8 A bipolar fuzzy set B = (u*, u ) is called elementary bipolar fuzzy set if
p' X —[0,1], p : X — [0,1] are constant functions.

Definition 9 A bipolar fuzzy graph is called elementary bipolar fuzzy graph if all
bipolar fuzzy edges are elementary.

Definition 10 Let H = (X, &) be a bipolar fuzzy graph and

C(H):{H(rl,sl)’H(rz,sz)""’ H(wk)}. H is said to be ordered if C(H) is ordered. The

bipolar fuzzy graph is simply ordered if C(H) is simply ordered.
Definition 11 A bipolar fuzzy graph H = (X, &) is called {m*, m’} tempered bipolar
fuzzy graph of a crisp graph H™ = (X, E) if there exists a bipolar fuzzy set B = (m*,m")

such that & = {()/,; Ve, )| E e E} where
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0, if otherwise

- ()= {min{m*(e)l ecE} ifxeE,
And

o\ [max{m-(e)lecE,} ifxeE,
7 X)= {O, if otherwise

Theorem 1 A bipolar fuzzy graph H = (X, &) is a {m", m} tempered bipolar fuzzy
graph of some crisp graph H™ then H is elementary, support simple and simply
ordered.

Proof. Let H = (X, &) is a {m", m’} tempered bipolar fuzzy graph of some crisp graph
H". As it is {m", m} tempered, the positive membership values and negative
membership values of bipolar fuzzy edges of H are constant. Hence it is elementary.
Clearly if support of two bipolar fuzzy edges of the {m*, m} tempered bipolar fuzzy
graph are equal then the bipolar fuzzy edges are equal. Hence it support simple. Let

C(H)= {H(rl,sl)’ Hie, s, )00 H(rk,sk)} since H is elementary, it is ordered. Now we are to
show that it is simple. Let EeH, . \H ,, then there exists X" € E such that
W(X) = risg and W(X) = Sisz. SiNCe fis1 < 1y, Siss > S, it follows that X ¢ X, ¢, and
E & X ). Hence H is simply ordered.

Bipolar fuzzy transversal of bipolar fuzzy graphs is defined below.
Definition 12 Let H = (X,§) be a bipolar fuzzy graph. A bipolar fuzzy transversal T =
(t", 7)) of H is a bipolar fuzzy set defined on X with the property that

Tin(e)d(8) M Bne)a(e) # ¢ for each Be . A minimal bipolar fuzzy transversal T for H

is a bipolar fuzzy transversal of H with the property that if T, T, then T; is not a

bipolar fuzzy transversal of H.

We denote set of minimal bipolar fuzzy transversal as Tr(H). From the
definition, it can be verified that Tr(H) # o.
1.8 Definition : Let G be an M-graph and A be M-fuzzy subgraph of G.
Let Im (pa) = {0i : pa(x) = o for every xe G} and Im (vA) = {Bi : na(x) = Bi for every
xeG}. Then {Agi-} are the only level M-subgraph of A.
3.2 Theorem
Any M-sub-bipolar H of an M-bipolar G can be realized as a bi-level M-sub-bipolar
of M-fuzzy sub-bipolar of G.

Proof
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Let G = (G1e Gy, +, *) be an M-bipolar.
Let H = (HyeHy, +, ¢) be an M-sub-bipolar of G.
Define pa; : H1 — [0,1] and va; : H; — [0,1] by

a forxe H, 0 forxe H,
:uAl(X): VAl(X)= .

0 forxe H, Yo forx ¢ H,,anddefine
Ha2 - H, — [O ,1] and var i Hy — [0 ,l] by

a forxe H 0 forxeH
Hpo (X) = ’ Va2 (X) = ’

0 forxe H, p forxe H,

where a.e [0, min {uai(e1), uaz(e2)}] and Be [max {va1 (e1), vaz(e2)}, 1].

Letx, yeG.

Suppose X, ye H, then

. X, ye Hi= x+yeH;
ar (X +Y) =@, par (X) = a, pas (y) = aand
var (X +Y) =0, va1 (X) =0, vas (y) =0 then
pat (X +y) = min {pas (X), pa (Y)}
vai (X +Y) = max {vai (x), va: (V) }-

ii. X,y € Ho = xy e H,
a2 (Xy) =a, pA2 (X) =0, pA2 (y) = aand
vaz (Xy) =0, vaz (X) =0, vaz (y) = 0 then
paz (xy) = min {paz (X), paz ()}
vaz (xy) < max {vaz (x), vaz (¥)}-

iii. Xxe Hiandy ¢ Hy = x+y ¢ H;
a1 (X +Y) =0, pa1 (X) = a, pas (y) = 0 and
var (X +Y) =B, var (X) =0, va1 (y) = B then
a1 (X +y) = min {par (X), par (Y)}
vat (X +y) <max {vai (X), va (¥)}-

v, Xxe Hyandy ¢ H, = xy ¢ H,
paz (Xy) =0, paz (X) = o, paz (y) = 0 and
vaz (Xy) =B, vaz (X) =0, vaz (Y) = B then
a2 (Xy) = min {paz (X), paz (¥)}
vaz (Xy) < max {vaz(x), vaz (¥)}-

Suppose X, y ¢ H, then

I. X,y ¢ Hy,thenx+y e Hiorx+y ¢ H;
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a1 (x +y)=aor0, par (x) =0, par (y) =0 and
var (X +y) =0or B, vai (X) =B, vai(y) = B, then
par (X +y) = min {par (X), pas (Y)}
var (X +y) <max {vai(X), vai (¥)}-
ii. X,y ¢H, = xy € Hyorxy ¢H,
uaz (xy)=aor 0, uaz (x) =0, uaz (y) =0and
vaz (xy) =0 or B, vaz (X) =B, vaz (y) = B, then
a2 (Xy) = min {paz (X), paz ()}
vaz (Xy) < max {vaz (x), vaz (¥)}-
Thus in all cases,
(A, +) is of Gy and (Ay, *) is of Go.
Clearly A = (A1 U Ay, +, *) is fuzzy sub-bipolar of G,
Now, we have to prove that A is M-fuzzy sub-bigraph of G.
Suppose, me M and X € Hy, then m + x € Hs.
Then, pa1 (m + x) = a, pa1 (x) = a, and
var (M +X) =0, vaz (X) =0, then
par (M +X) = pas (X),
var (M +X) <vap (X).
Suppose, me M and x¢ Hy, thenm + X € Hy or m + x¢ Hj.
Then, pa; (m +x) =a or 0, pa (X) =0, and
vai (m +x) =0 or B, va1 (x) = B, then
a1 (M +X) > pas (X),
var (M +X) <vai (X).
Clearly (Ay, +) is M-fuzzy sub-bipolar of G;.
Suppose, me M and x € H,, then m + x € H,.
Then, paz (mx) = a, paz (X) = a, and
vaz (Mx) =0, vaz (X) =0, then
Haz (MX) = paz (X),
vaz (MX) <vaz (X).
Suppose, me M and x ¢ Hy, then m + xe H, or m + x¢ H,.
Then, paz (mx) =a or 0, uaz (X) =0, and
vaz (mx) =0 or B, vaz (x) = B, then

a2 (MX) > paz (X),
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vaz (MX) <vaz (X).
Clearly (A2, *) is an intuitionistic M-fuzzy sub-bipolar of G..
Clearly A = (A1 U Ay, +, *) iIs M-fuzzy sub-bipolar of G, where
ua: G —[0,1] and va : G — [0,1] are given by

(x)— a forxeH y (x)— 0 forxeH
Ha%=0 forx ¢ H AV

For this M-fuzzy sub-bipolar, A<, g- = Aj<ap- U Ascgp- = H.
3.3 Theorem
Let G be an M-bipolar and A be M-fuzzy sub-bipolar of G. Two bilevel M-sub-
bipolar A<, p-, A<, 5> with a <y and 6 < of A are equal iff there is no x € G such that
a < pa (x) <yand d <va(X) <B.
Theorem 1 Let G be a bipolar fuzzy graph where induced crisp graph G’ is an even
cycle. Then G is bipolar fuzzy graph if and only if either m," and m,” and are constant
functions or alternate edges have same positive membership values and negative
membership values.
Proof. Let G = (A, B) be a regular bipolar fuzzy graph where A = (m*1, m) and A =
(B*, m) be two bipolar fuzzy sets on a non-empty finite set V and EcVxV
respectively and underlying crisp graph G’ of G be an even cycle. If either m*,, m>,
are constant functions or alternate edges have same positive and negative membership
values, then G is a bipolar fuzzy graph. Conversely, suppose G is a (ki, k) bipolar
fuzzy graph. Letn ey, ey,..., e, be the edges of G’ in order. As in the theorem 3,
C,, if iisodd,

m; (&)= {kll —c,,if iiseven

)=, i oown
If c; = ky — cg, then m™, is constant. If ¢; # k; — ¢y, then alternate edges have same

positive and negative membership values. Similarly for m ,. Hence the results.
. . . [ Pk Pk,
Theorem 2 The size of a (ki, ko) bipolar fuzzy graph is EREE where p =|V|.

Proof. Let G = (A, B) be a bipolar fuzzy graph where A = (m*;, my) and (m*, m,)

be two bipolar fuzzy sets on a non-empty finite set V and EcVVxV respectively. The

size of G s S(G):(Z m; (u,v), Y mz(u,v)j. We  have

u=v u=-v
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> d(v)zsz m; (u,v), Y. m2(u,v)}=28(G). So 25(G)=>)_ d(v). ie.

veV V)eE (u,v)eE veV

28(G)=(Z ki, Y. kzj.

veV veV
This gives 2S(G) = (pka, pkz). Hence the result.
Theorem 3 If G is (k, k') bipolar fuzzy graph, then
2S5(G) +O(G) = ( pk, pk’) where p =|V]|.
Proof. Let G=(A,B) be a bipolar fuzzy graph where A = (m*;, m;) and B = (m™,, m’,)
be two bipolar fuzzy sets on a non-empty finite set VV and V xV respectively. Since G
is a (k, k") -totally regular fuzzy graph. So k = td*(v) = d*(v) + m*;(v) and k" = td"(v) =
d(v) + miy(v) for all veV. Therefore > k=Y d*(v)+> m(v) and

veV veV veV
> k'=>d (v)+D> m (v). pk=2S"(G) and pk = 2S(G). So pk + pk’ = 2(S*(G)
veV veV veV
+S°(G)) + O'(G) + O(G). Hence 2S(G) + O(G) = (pk, pk").
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