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Abstract: In this paper, the modified first integral
method is use to find the actual solution of many
nonlinear equation in simple way ,and anew
technical to solving nonlinear partial differential
equation.
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Introduction:
Many methods obtaining the exact solution of non linear
equation ,some of the techniques are the bilinear transformation ' the
sine cosine method 2, F-expansion method ¥, the first integral method
was first proposed by Feng™ to solving Burger-Korteweg- devries
equation and so on, in this paper investigation a traveling wave
solution for non linear partial differential equation ,study nonlinear
phenomena ,in solving modified kdv-kp can be based on the theory of
commutative algebra ,using the first integral method technique to
solving modified kdv-kp equation .
First integral method:
The non linear partial differential equation form:

W(F,F,F,F, Fypee . ) Q)
Where u(x, t) is the solution of (1) we use the transforms :
fxt)=f(0).d=ax-p 2)
we use the wave transforms :
0 0 .0 o,
7':_7'17-:a7-17'= o \h
é‘t() ﬂa{() aX() ag() 8t2() p 542()
P 3)
—)=a—L
v () o ()
The Eq (1) transforms the ordinary differential equations we obtain :
TG I S ) =0 (4)
Anew independent variable:
x(¢) = (). () = 1.() 5)
The system of ordinary differential equations:
XI =

(©)=¥() o

y (£)=F(X(£).y(©)

By the qualitative theory of differential equation ©,we find the
integral of (6) under same condition , then the general solution of (6)
can be obtained directly . However ,in general ,it is really difficult for
us to realize this even for one first integral , because for a given plane
autonomous system ,find its first integral will apply the Division
theory to option first integral (6) , An exact solution of (1) obtained by
solving this equation , Now let us recall the Division theory.
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Division theorem:
Suppose that P(x,y) and Q(x,y) are polynomials of two variables x
and y in C[x,y]. and P(xy) is irreducible in C[x,y]. if Q(x,y)
vanishes at all points of P(x,y), then there exists a polynomial G(X, Y)
in C[x,y] such that Q(X,Y) = P(X, Y)G(X,Y).
where M is a positive integer, L< K <M | let
u—>M

u" - nM
u—>mM+1

u —>M+2

u" - M +r

to determine the parameter M, we then collect all coefficients of
powers of Y in the resulting equation where these coefficients have to
vanish .
Having determined these parameters we obtain an analytic solution
u(x,t) in a closed form .
this method may give periodic solution as well.

1. the Gardner eguation:
The standard Gardner equation ,or the combined kdv-mkdv equation ,
reads:
u, +2auu, —3bu’u +u, =0,a,b>0 0

Using the wave variable é’ = X —Ct and integrating the result will

convert to the ODE:

—cu+au®’—bu*+u =0 ©)
using (5) we get :
X' =Y

©)

Y =bX®—-aX?+cX
According to the first integral method, we suppose that X and Y are
nontrivial solution of (9) and

q(X,Y):Zi“ioai(X)Yi =0 (10)

Balancing u® with u"gives

3M=M+2

M=1 (11)

using (11) in (10) we get :

g=a,+ayY =0 (12)
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using Division Theorem, there exists a polynomial g(X) +h(x)y
in the complex domain c[X,Y] such that:

a9 _0dqox 090y _
o X oc oY oc
(9(x) +h(x)Y)Y " a(x)Y'

using (12) in (13) and coefficients of Y on both sides we get:

(13)

a(x)=1 (14)
ao=g(x) (15)
[bx® —ax® +cx] = a,(x)g(X) (16)

since @;(X) =1 chooseh(x)=0, a,(X)=A,X 24 AX+A
and g(X) =2A, X + A using in (14)-(16) we get:

A, =0A= +\/_A2—— :4_a2 (17)
2 9b?

using (17) in (12), we obtain:

Y=AX-AX? (18)

combining (18) with (6),we obtain the exact solution to (7) and then

the exact solution to the Gardner equation can be written as :
0,00t = =22+ Lanh[ 2 (£ + 2] 19)
L 2572 3b °
—4a
u,(xt)= 20
2 (X,1) e )] (20)

where é’o is integration constant. Thus the travelling wave solution to
the Gardner equation can be written as :

u, (x,t) =

[1+ tan h[—(X t+§o)]

. (21)

u,(x,t) = [1_ 5 coth[—(x— 9b2 +6,)]

2. Exact solution to the kdv system:
The kdv system given by :

u,—Uu,, —2vu, —uv, =0

(22)

v, —uu, =0 (23)
Use the wave transformation :
u(x,t) = (<), v(x,t) =g(x),{ =x—ct) (24)
Where K,I and A are constants and f () is real
function ,Substituting (24)in(1)we get:
—cf —f —29f —fg =0 (25)
—og —ff =0 (26)
integration(10) we can re write :
1.

oa——f 27

g= 2 @7)

« is an integration constant , Now substitution (27)in (25) gives:
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(2a+c)f'—gf2f'+f'":0 (28)
c
Integrating (28)we obtain :
. 2
f'=p-QRa+c)f +—f° 29
B ) = (29)

Where 3

X = (&) andY = f (&), Now Eq(29) changes into a system
of ordinary differential equation :

X' =Y

is an integration constant , Now use new variables

. (30)
Y =f-(Qa+c)X +%x3

Now Appling Division theorem , suppose that X ({)andY (&) are
nontrivial solution of (30):

a(xy) =8, (9y' =0

)

Is an irreducible Polynomial in the complex domain C[X ,Y]such
that:

qX ()Y (©)]=YaX(©ON'(©)=0

a8, (X)(1=012......... , M)
a,(X) =0 [Eq(32) called first integral method there exist a

polynomial (X)X +h(X)Y in the complex domain C[X, y]
such that :

(32)

are polynomialand

dg _ dg dgq dq dy _
dc dX de dy de
_ (33)

(9(X)X +h(X)Y)Zai(X)Y'

i=0
Balancing u* with u"gives
3M=M+2
M=1

by comparing with the coefficient Y (i =1,0) on both sides of (33)
we have :

a1 =h(X)a,(X)

o = g(X)a,(X)X +h(X)ay(X) o

a| B-(2a+c)X JF%X3 = g(X)a, (X)X

Let h(X) =0 then & (X) is constant choose & (X)=1,

substitution in (34) then (34)we can write:

12
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a(X)=1

ao(X)=g(X)X (35)
{ﬁ—(zmc)x +3—20X3}=a0(X)g(X)X

If assume that :

a8, =AX*+AX+A,g=A (36)

Substituting (36) in (35) we obtain :
Substituting (34)in (29) ,and drive a system of algebraic equations
whose solution yield :

peon = "D 5 og

4 (37)
= A=2
% 3cy/-(2a +c) &
Setting (37) in (31) we obtain :
y+AX*+A, =0 (38)

Now, by combining (38) and (22) ,solving this equation and consider

X = f(&)and u(x,t) = f (<)

we get :

u(x,t):\/%tan[—\/@(ct—mgo)]
v(x,t) =a—2—10[\/%tan[—M(ct—x+§0)ﬂ

Q’ ois arbitrary constant .
Exat solution to the 2D-BKdV equation:

(39)

(U, +auu, + U, +su, ), +m, =0 (40)
where &, ,3, Sand y are real constants. assume that :
u(x, y,t) =u(é),E=hx+ly—wt (41)

where h, |, Ware real constants. substitution of (41)in(40) yields :
2 3 4
—Wwhu,, +ah”(uu,), + gn°u,. +sh’u,..
2 —
+A%u, =0

integration (42) twice with respect to é’ , then we have :

(42)

sh®u,. + gh’u, +%h2U2 +A’u—whu=R #3)

where R is the second integration constant and the first one is take to
zero,

u (&) —ru () —au*(§) ~bu(£)-d =0

R B
where I =-—,a=— az, _wh 474 and dziA.
sh 2sh sh sh

Now (44) changes into a system of ordinary differential equation :

(44)
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X =Y
Y =ry+aX®+bX +d

Now Appling Division theorem , suppose that X (&) andY (&) are
nontrivial solution of (45):

a0 y) =33y =0

(45)

(46)

Is an irreducible Polynomial in the complex domain C[X ,Y]such
that:

X (@)Y= AN () =0

a(X)(i=012.... ,m)
a,,(X)#0 [Eq(7) called first integral method there exist a
polynomial (X)X +h(X)Y in the complex domain C[X, y]
such that :

dg _dq dq  dq dY _
d¢  dX 'd¢ dy d¢
(g(X)X +h(X)Y)D a(X)Y'

i=0

(47)

are polynomial and

(48)

Balancing uwith U’ gives
2M=M+2
M=2

by comparing with the coefficient Y ' (i =0,1,2) on both sides of
(33) we have :

a, = fa,
a, +2ra, = aa, + fa,
a, +ra, +2a,(ax’ +bx+d) = ca, +a,

(49)

a,[ax® +bx+d] = oa,

Let B=0 then a,(X) is constant choose a,(X)=1,
substitution in (49) then (49)we can write:

a,=1

+2r=a
ai. (50)
a, +ra, +2(ax’ +bx+d) = oa,
a,[ax* +bx+d] = aq,
If assume that :
a=AX+A (51)
Substituting (51) in (50) we obtain :
a, _T28s ey AATD o ogy

2 (52)
A(A+1r)x+D
D is arbitrary integration constant .
13



International Journal of Advanced and Innovative Research (2278-7844) / # 14/ Volume 2 Issue 12

—4r 12r®  2br
A= AT s s
2 4
g_po 9 (59
4da 625a
25 ,6r? 12r2 2b
= (D))
48" 25 125a b5a
we assume that :
6r2
kb=— ,keRandk #0 (54)
25

Substituting (54)in (53)in(47) ,and drive a system of algebraic
equations whose solution yield :

v -2 220 (s 1)y — 22— b2
5 5a 3
(55)

2r? 2br?
———X"=2dx— (k+)x+D=0

25 25a
from (55),y can be expressed in terms of x,i.e.,

2r  br

=—X+—(k+1)*
y="x+(k+D)

3

28. 3 2 b2 2 3
?x +(k +1)bx +£(k+1) X+ (k+1)° (56)

12a*
3
=£x+m(k+1)ir iz[ax+ (k+1)b}
5 5a 3a 2

combining(45)and(56),we have :

2
—%(hxﬂy—wt)

2
T 67)

wh-#2 64

ah? 2508
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CONCLUTION:
The new modification first integral method , successfully for solving
allot of nonlinear equation , and establish travelling wave solutions ,
which is based on the ring theory of commutative algebra , and us to
solve complicated and tedious algebra calculation .
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