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Abstract

The aim of this paper is to investigate the
cost analysis of M*/G, G,/1 Multiple vacation
(MV) Queuing model in Fuzzy environment which
helps to control the queues in different situation. A
mathematical Parametric Non-linear
Programming (NLP) method is used to construct
the membership function of the system
characteristic of a batch arrival multiple vacation
policy queue in which arrival rate, service rate for
vacation period, holding cost, setup cost, startup
cost reward cost are fuzzy numbers. The a-cut and
Zadeh’s Extension Principle[19] are used to
transform a fuzzy queue into a family of
conventional crisp queues. By means of
membership  functions  of  the  system
characteristics, a set of parametric non linear
program is developed to calculate the lower and
upper bound of the system characteristics function
at a. Thus the membership functions of the system
characteristics are constructed. Numerical
example is also illustrated to check the validity of
the proposed model.
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I.INTRODUCTION

The first study of batch arrival queuing system with
N policy was carried out by Lee and Srinivasan[9].
In their paper they have discussed the mean waiting
time of an arbitrary customer and a procedure to find
the stationary optimal policy under a linear cost
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structure. Later, many authors including Lee et
al.,[10],[11] have analyzed the N policy of M*/G/1
queuing models with servers having multiple and
single vacation. In queuing models server’s set up
time corresponds to the preparatory work of the
server before starting his service. Hur and Park [3]
and Ke [8] are some of the authors who analyzed the
N policy of M*/G/1 queuing models with server’s
setup time. The batch arrival queuing system with
double threshold policy, setup time and vacation are
analyzed by Lee et al., [12] is the most general
queuing system with threshold policies. Lee and
park examined M*/G/1 queuing model with early
setup for production system and then developed a
procedure to find the joint optimal thresholds which
minimize a linear average cost. In everyday life
there are queuing situation where the arriving
customers require the first essential service and
some may require the second optional service
provided by the same server. Madan[14] has
introduced the concept of second optional service,
where the customers may depart from the system
either with probability (1-r) or may immediately opt
for second optional service with probability r.
Choudhury and Paul[2] have extended the results of
Madan. Later Madan and Choudhury [15] have
studied the steady state analysis of the M*/(G1,G,)/1
gueue with restricted admissibility. Recently Julia
Rose Mary et al., [5] introduced Bi-level threshold
policy of M*/(G1,G,)/1/MV queue. In their model
they obtained the stationary probability generating
function of the queue length distribution through
supplementary variable techniques and derived the
total cost unit (TCU). The various performance
measures were also calculated. Morerover in their
paper, the inter arrival time, service times, setup
time, vacation time are assumed to follow certain
probability distributions with fixed parameters. In
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real life situations the parameter may only be
characterized subjectively. Thus fuzzy analysis
would be potentially much more useful and realistic
than the commonly used crisp concepts. Li and Lee
[13] investigated analytical results for two fuzzy
queues using a general approach based on Zadeh’s
extension principle. Nagi and Lee [16] proposed a
procedure using o cut and two variable simulations
to analyze fuzzy queues. Using parametric
programming Kao et al.,, [7] constructed the
membership function of system characteristics for
fuzzy queues. Chauan et al., [1] have obtained the
membership function of system characteristics of a
retrial queuing model with fuzzy arrival, retrial and
service rate. Jeeva and Rathnakumari [4] analyzed a
batch arrival single server, Bernoulli feedback queue
with fuzzy vacations. Recently Ramesh and Kumara
[17] also introduced a batch arrival queue with
multiple servers and fuzzy parameters. With the help
of these available literatures we analyze the
optimum operating policy of batch arrival queue
with second optional service and multiple vacation
in fuzzy environment.

[1.COST ANALYSIS of M*/G; G,/1/MV QUEUE

Consider the model M*/ G; G,/1/MV in
which arrival stream forms a Poisson process and
the actual number of customers in any arriving
module is a random variable X. Let E(X) and E(X?)
denote the probability generating function(PGF),
first and second moment of random variable X
respectively. With arrival rate A, the server provides
service to the customers with exponential service
rate |, First essential service (FES)S; to all the
arriving customers. At the end of the FES, each
customer may either choose the second optional
service (SOS)S, or depart from the system. The
server leaves the system for vacation of random
length V, as soon as the system empties. After
returning from the vacation if the server finds m (or)
more customers in the system, he immediately starts
a setup operation of random length D. The random
variable V,V,... are assumed to be independently
and identically  distributed  with  general
representation V. The vacation duration V follows
an exponential distribution with parameter 1. E(D) ,
E(V),E(Sy),and E(S,) are the I moment for the
random variables D, V, S;, S,. For any queuing
system cost and profit analysis constitute a very
important aspect of its investigation. Hence for this
model, we compute the total cost per unit by using
the concept of cost computation given by Kanti
swarap[6] and Taha[18]. According to this model
the Total cost per unit time is given by
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E(Cycle)
Cor Paor * Couita Pouita +C

dor ' dor

busy I:)busy - Cv I:)v (1)
where Cy, Cp, Cset, Chors Chuilas Chusy and C, are the
startup cost per cycle, holding cost per customer,
setup cost, standby cost, buildup cost, operating cost
and reward cost per unit time.By substituting
various performance measures in eqn(l) then the
TCU becomes

R R
TCU — 1 |:ASOS +ZSUS(m)+Ch +:|+Aéos
De (M N) | (L- pg,, )11 2)
where
Cy(1_:0805)+CsetE(D)(1_pSos)+
Ass =|  IE(X)

Cy E(D?)

AE(X)(E(D)E(V)) + E(2V +

E(V)-CEMV)A- pss)

A;os = CbusyIOSOS + Ch LSos
D, (m,N) =E(V)+E(D)(/ 1)

Z&?os (m) = {Ch

|

Psos = AE(X)(E(S) +TE(S,));

. {pSOME(X(x —1)E(SSOS)+(AE(><))2E(s;,s)}
s 2(1_:0305)
)=E(S)+rE(S,);

E(S

Sos

E(Ss) = E(S,) +TE(S,) ;
E(S2.) =[E(S%) + (FE(S))E(S,) + rE(S2)]

E(S,) =1/ u=E(S;) . E(S)) =21/ 1) = E(S;);
E(D)=1/v E(v)=1/5; E(D?) =4/3n>.

[11.COST ANALYSIS of M*/G;G2/1 WITH
FUZZY MULTIPLE VACATION PERIOD

We extend the above queuing system in
fuzzy environment. Suppose the arrival rate A,
service rate [, vacation parameter V, expected group
size X, Startup cost per cycle Cy, setup cost Cg,
operating cost Cpy, reward cost C, are
approximately known and can be represented as
fuzzy set 4,1,V X,Cy,Ch,Cset,Cbusy,
cut for the various cost are represented by different
levels of confidence. Let this interval of confidence
be represented by [X;, X.]. Since the probability

distribution for the o cuts can be represented by
uniform distributions. We have

a Using a
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P(Xo) =1/ Xoq X1a] [ X1a< Xe < Xog ]

Then the mean and the second order moment of the
distribution are obtained as

1 X,,° =X, : :
=[x,, +x,,]and —2« — T« Further its variance
3(X2a - Xla)

. 1
is given byﬁ[xm —x, [ Let

s (V)65 (k). & (v), &5 (1), & (a),
§g(p),§c—h (h)afa (w), <& (Q)yégqsy (b)

the membership function of

2,H,7,1C,,Cex.C,.C,,1C

set ?

denote

busy - 1 N€N we

have the following fuzzy sets as,

={y.&MIyeY) m={keé K)/kekK)
~{vewivev) 7={te m)teT)
:{(a, fa(a))/a € A}

= {pe_(p)/peP|

.= (e tymen)

:{(w(f (W))/WEW}

r-l@s @)/q<Q)

Cooy = {(bf (b))/beB}

where  Y,KV,T,APH,W,Q,B are the crisp
universal sets. Let f(yk,v,ta,p,h,w,q,b) denote the
system characteristics ~ of  interest.  Since
A, 1,7,1,C,, Cq, C, C, rc:busy are fuzzy numbers,

f(/l,,u,y,n c Cset,c C r,cbusy)is also a fuzzy
number. By Zadeh’s extension principle the
membership function of the system characteristics
f(A,1,7.7,C,,Cs,Cy.C,., 1.Cpsy)

set?

O

is defined as
f(l k.7.7.C, T?FFE)
7 (V).65(k).&; (1), &; (1),
5 ~(a), 6o (p). & (),
yEYSkEKFV)ev e (W), &7 (Q) S (b)/
twpeiTvPvah:{'?g beB z(y,k v,t,a,p, h w, g, b)

Also assume that if the system characteristics of
interests is TCU (Total cost per unit).We have the
membership function of TCU as
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£es(@) =
sup  min{&; (v),&, (k). & (),

yeY keK veV,
teT ,aeA,peP,heH,
weW ,qeQ,beB

& (1.5 (). (p).&: (0),

1
fav(W)'fr(Q),fab(b)/sz

[ASRos + ZSRos(m) + h(l_ pSos)+] A;os} (3)

The membership function in the egn (3) is not
in the usual form thus making it very difficult to
imagine its shapes. For this we approach the
problem by using the mathematical programming
techniques. Parametric NLP’s are developed to find

o cuts of f(Z,7,7,C,,Cg,C,.C,,rC,,)based on
the extension principle.

set?
IV.PARAMETRIC NON LINEAR
PROGRAMMING

To construct the membership function of
(Z) = &, we have to derive the o cuts of

TCU
ﬂ, ) ,u! 7/1 U’Cy J Cset ) C C r'CbUSY are representEd
as follows { }
o1 [minlyeY /e (y) 2 al]
Ma) = [Ya Ya ]= _max{y eY /g;;(Y) 2 a}_ @
L op_[minkeK /g, ()2 a)]
u(a)= [ka Ke ]: _max{k eK /&, (k) 20‘}_ “)
- ‘minjveV /&, (v) > al,
V(a)= [Va Va ]: _max{v eV/E ()2 af o
min{t eT /& (1) 20‘}'_
n(a)= [t; ty ]: max{t eT/& ()= a}_ 0
L LU _miniae A/é:(?y (a)Za},_
C,(a)= [aa s ]: max{ae Al (@) 20‘} 4
o [minlpePre, (p)2af]
Cola)=[p" Pa]:_max{peplggw(p)za}_ “h
L LU min{hEH/@'zéh(h)Za}'_
Cy(a) = [ha h, ]: max{h eH /55" (h)= a}_ 4o
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min{WeW/fa W)= a}]
C,(a)= [ @ “]:[mM{WGW/fcv (W)Za}_ )
T o1 [minfgeQre @ zal]
r(a) - [qa ]_ |:max{q € Q/§ (Q) 2 a} (4I)
mm{beB/f b)>a} .
busy (@)= [b ]_[max&)EBlf (b)>a} “

Further, the bounds of these intervals can be
described as functions of o and can be obtained as

Y. =ming (@) vy, =max&;(a)
k, =min&l(a)  k; =max&H(a)
v, =min& (o) v, =max &t (a)
ty =min& ()

a, =min&_* (a)
y

ty =max &' (a)
a, =max é%yl (@)
P, =max &= (a)
hY =min éclhl (@)

Pz =min&= (a)
ht =minf§c;hl(a)
wE :mingcivl(a) W, =min&_ (a)
q, =min&*(a)
b, _mlné—(a)

q; =min&*(a)
bt _m|n§ (a)

Therefore by making use of the a cuts for
TCU we construct the membership function of (3)
which is parameterised by o. To derive the
membership function of TCU it is suffice to find the

left and right shape function of &——(Z). This can

TCU
be achieved by following the Zadeh’s extension

principle for £——(Z)which is the minimum of

& &0, (.6 1), @),
£ ()& (). & (W), & (@), & ().

Now to derive & (Z) = &, then atleast one of the
cases to be hold which satisfy & (Z) = a. Thus,
Case(i)

SW=aé;K)za,s;V)2a g (t)2a,
ga(a)zaaé:g(p) 2a,§a(h) 2a,

seW2a, g (q)2a,é (b)=a.
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Case (ii)

Szal;(K)=a,&;(V)2a & () 2a,
fgy(a) Za,fg(p) Za,fc—h(h)Za,

§§V (w) 20[,5; (a)= avfa (b)za.

Case (iii)

sza,g(K)za s (V)=a.g 1) 2a,
fq(a) Za’gg(p) Za,g‘a(h)Za,

507 (w) 206,5; (@) Zaafq (b) 2 a.

Case (iv)

&za f(K)za, (V) 2a, () =a,
gcfy(a)Za,fg(p) 2a,§c—h(h)2a,

507 W) za,$ (a) Za,fc—b (b)za.

Case (v)

Sza f;(kK)za,&;(V)za g (1) 2a,
fc*y(a) :aifg(p) Zavfa(h) za,
QCEV(W) Zavg;(Q)Zaréng(b)Za-

Case (vi)

SGWza k) za & V)za, g (t)2a,
fc—y(a)Za,fg(p)za,fa(h)za,
EW2as(@2as b)2a

Case (vii)
SiMzaf;(kK)za,&;(V)za g () 2a,
t@2aé(D2ad (=0
EW2a s (@2a s b)2a

Case (viii)

SWza,fz(kK)za (V) 2a.8; () 2a,

& @z a it (M2t (e,
EW)=a & (@) 2aé (b)za

Case(ix)

GWza d;k)za d;(V)za, g () 2a,
ga(a) Za’vfg(p) Za’fgh(h) za,

f{v (w) = a,f;(Q) :aaﬁfq (b)za.

Case(x)

SW=a,&iK)za &;(V)za, 55 (t) 2,
& (x) Zaafq(a) Za,ég(p)Za,g“C—h(h) 2a,
&5u)> a,g‘c—v (W)= a,é-(q) Za,fa (b) =c.

This can be accomplished by using parametric
NLP techniques. The NLP techniques to find the
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lower and upper bounds of a cut of &

case (i) as

[TCU]® =min{———

TCU

[ASRos + ZSos (m) + h( )

D(N)

+ (1 = Psos )(%)] + ASos

[TCU 1% = max{

D(

+1- psf,s)(i)] A

For case (ii) as
[TCU]Z = min{

(52)

[ASos + ZSos(m) + h( )

N)

(50)

[A%s +Zge (M) +h(= )

D ( ,N)
+ (1—p505)<§)]+ A (50

v, _ 1 R 1
[TCU ]a - maX{ DR (m’ N) [ASos + ZSos (m) + h(y)
Lo ps(,s)%)] PR, (50)

For case (iii) as
[TCU]; = min{m[ASos Sos (m)+h( )+
(1—p305)(§)]+ A.  (59)

Uy _ R 1
[TCU]a _maX{D ( N)[ASOS +ZSos(m)+h(y)+
- pm)(%)] A, ()

For case (iv) as

Lo oo 1
[TCU]a _mm{DR (m’ N)[Asus Sos(m)+h( )+
(1—p505)(§)]+ A (50)

U _ R 1
[TCU]a _maX{D ( N)[ASos +ZSos(m)+h(y)+
- pm)(%)] FA,  (5h)

For case (v) as
[Teul —minf——— ( By A 2+ h<§)+
(51)

(l ~ Psos )(*)] + ASos
y
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(Z) for

[TCUT =max{— AL, + 2, (m)+ hly+
( N) y
(1_ pSos)(g)]"' ASos (51)

For case (vi) as

[TCUTY = minf———[A% +

D, (m, N) sos T Sos(m)+h( )+

(1—p505>(§)]+A;os (5K)

[TCUY = max{——[AL, +

DR (m, N) Sos Sos(m)+h( )+

i pmx%)] YNNG

For case (vii) as

L . 1
[TCU]a _mln{D ( N)[ASOS+ZSOS(m)+h(y)+
(1—pm>(§)]+ A, (Gm)

- 1
I.TCU ]a - maX{DR (m, N) [ASos Sos (m) + h( ) +
i pmx%)] PAL (Gn)

For case (viii) as
[TCu s =minfs— ( g A+ 2+ h(§>+
(1—p505)(§)]+ A, (50)

o 1
I.TCU ]a - maX{DR (m’ N) [ASOS Sos (m) + h( ) +
- pmx%)] YA, (5p)

For case (ix) as

L 1
[TCU]a _mln{DR (m, N)[Asos Sos(m)+h( )+
(1—p505>(§)]+ A, (50)

Uy _ R 1
I.TCU]a _maX{D ( N)[ASDS +ZSos(m)+h(y)+
i pmx%)] PAL G0
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For case (x) as

[TCU]» = min{D [AS, +Z& (m)+ h(%) +

o (m, N) Sos
- p505)<§)] VA, (D)
Uy _ 1 R R 1
[TCU ]a - maX{ DR (m, N) [ASos + ZSos (m) + h( y) +
(1—p505)(§>]+ A (59

As A(a), u(@),V (@), n(@), C,(a), Cy (@),
Cy(a), C,(a), r(a), Cy, () are given in

equation (5a-s)

ye Aa),k e u(a),veV(a)ten(a),

ac A@),peCy(a)heC,(a),

We Cv (a)!q € r(a)’b € Cbusy(a)

can be replaced by

yely, yalkelk; ki Lvelvg v/,

telt, ty,lacla; a;lpelp; p;l

helh; hylwelw,; w;lqela; g, ]
belb’ b]

which are given by the a cuts and in turn they form a

nested structure with respect to o. Hence for given
0<0p<o0y<1 we have

[Ve, Yalclye, Vol [k, ko lclk, k. ]
[V;—I V;J1] = [V;z V;Jz ]' [t‘; tftlJl] S [t‘;z t':z]

[a; a,lcla; a, 1 [p., p.l<lp,, Pl
[hﬂlf_l h;Jl] = [h’!’_z hgz]' [W; Wsl] S [W:Z Wsz]
[0, a.1<la;, 9.1 [b, bilc(b,, by ]

Hence the lower bound of the [TCU]. becomes

[TCUT: = mi“{m“@s +Z8 (m)+ h(%)

+(1—ps°s)<%>]+A;m} (62)

and the upper bound of the [TCU]. becomes

1
D.(m, N)

(1—p505>(§)1+ A} (6b)

[TCU T = max{ [AS, + 28, (m)+ h(%) N
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where

yr<y<yY ki <k<k!v:i<v<vY,
t-<t<t’,a. <a<al,p.<p<py,

h: <h<h’ w:<w<w],q-<q<q,

by <b<b’

that is at least one of y,k,v,t,a,p,h,w,q,b must hit the
boundaries of their o cut that satisfy & (Z) = .

The crisp interval [TCU].,[TCU]; obtained

from (6a)and(6b) represents a cuts of I_TCU].

Further by  applying the results  of
Zimmerman(2001) and convexity property, we
obtain

[TCUT, =[TCUT; and [TCU], <[TCU];,
where 0<op< a;<1. In both [TCU],and[TCU])
are invertible with respect to a then the left shape
function L(Z)=[(TCU)-]"and right shape
function R(Z) =[(TCU)Y]™ can be derived as
L(Z) [TCU].,<Z<[TCUl,
$es(@)=41  [TCU],,<Z<[TCUL,
R(Z) [TCUl,<Z<[TCUL,

In  many cases the wvalue of
{[TCUL;[TCUY, / € [01]}cannot be solved

analytically, consequently a closed form
membership function of TCU cannot be obtained.

The numerical solutions for [TCU]-and[TCU 1.

at different levels of o can be collected that
approximate the shape of L(Z) and R(Z) (ie),the set

of intervals {[TCU].[TCUT. /a e[01]}will
estimate the shapes.

V. NUMERICAL EXAMPLE

Consider a M*/(G,G,)/1/MV queuing system. The
corresponding cost parameters such as the arrival
rate, service rate U, vacation parameter V, expected
group size X, Startup cost per cycle C,, holding cost
Cy, setup cost C, operating cost Cp,sy, reward cost
C, are fuzzy numbers.
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LetZ =[0.4 1.2 20 28]
Z=[41 42 43 44]
7=[5 6 7 8,7=[02 08 16 24]

C,=[05 1 15 2]

C, =[50 100 150 200],

C, =[10 20 30 40],r=[2 .6 1 1.4],
C,=[6 8 1 12],C,, =[5 10 15 20]
we know that

R R
TCU — 1 |:A505 +zSos(m)+ h+
De (M, N) | (1 pso )L/ Y)

busy

}Agm

By considering E(x) = 0.01, E(x(x-1))=0.020 then
the total cost per unit system in the fuzzy

environment it becomes

. a(l_pSos)+ pE(D)(l_pSos)+
Ases = h yE;X) £(D%)

AISOS = bIDSOS + hLSOS

D (M, N) = E(v) + E(u)@/y)
Psos = YE(X)(E(S,) +QE(S,))
Psos T yE(X(X _1)E(S
| (YECO)?E(S2,)
. 2(l_psos)

)+

Sos

L

E(Ss,) = E(S,) + GE(S,)
E(SZ,) = [E(57) + (E(S,)E(S,) + GE(S?)].
E(S?)=2(1/k?*)=E(S?) E(u?)=4/3t?and

y.k,v,t,a,p,h,w,q,b are the fuzzy variables
corresponding to

A,1,7,7,C,,C
respectively. Thus

C..C,.rC

set ? v.? " 1~ busy

[y: y/1=[04+a 28-a]
k: k}1=[41+a 4.4-a]
V. VW]=[B+a 8-«

[t: t)]=[02+a 24-a]
[h: h)]1=[05+a 2-a]
[a; a)]=[50+a 200-«]

[p; P,]1=[0+a 40-a]
[0 9 ]1=[02+a l4-q]

o
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W wW)1=[06+a 12-q]

o

[b: b’]=[5+a 20-a]

By substituting the above values, the effect of
parameters on the total cost per unit of the
system(TCU) is tabulated and its graphical
representation is shown below.

Tablel: The a cuts for the performance measure of
TCU

a TCUL TCUU

0 7.7483 51.6002
0.1 10.0211 49.4601
0.2 12.6253 47.0035
0.3 15.1286 45.0601
0.4 17.7785 43.4347
0.5 20.0174 41.3475
0.6 22.2421 39.7715
0.7 24.9075 37.9854
0.8 27.1548 35.9062
0.9 29.4235 34.0219

1 31.0559 32.1269

Fig 1: The membership function for fuzzy TCU

0.8 f\
e 7\

: ——TCUL
0.4 / \ ——TCUU
S\
SIS
0 20 40 60

Here we perform a cuts for fuzzy TCU at
eleven distinct a levels of 0,0.1, 0.2...1.0. Crisp
interval of fuzzy TCU in system for different
possibilities of a level, is presented in table 1. Fig 1
depicts the rough shape of TCU constructed from a
value. Further, we find that the above information is
very useful for designing the fuzzy queuing system.
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V1. CONCLUSION

The fuzzy queuing model has more
applicability in the real environments than the crisp
systems. This paper applies the concept of a cut and
Zadeh’s extension principle to fuzzy Bi level
threshold policy of MX/(G1,G2)/1/MV queuing
system and thereby deriving the membership
function of the total cost per unit system for this
model . We find that it is more meaningful to
express TCU as a membership function rather than
by crisp values (i.e) as fuzzy performance measures.
The benefit and significance of such a fuzzy
performance measure include maintaining the
fuzziness of input information completely and the
results can be used to represent the fuzzy system
more accurately. Thus it can be concluded that the
fuzzy cost based queuing systems are much more
useful than the commonly used crisp queues.
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