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Abstract: A graph G with p vertices and q edges is said to
be triangular graceful if there is an injective fhunction Q:
t
VG) > X = {0,1,2,...Tq}, where Tq is the g triangular
number. Define the function ¢ : E(G) — {1,2,..T}
such that @ (u,v) =  |@(u) - @(v)| for all edges (u,v). |
o (E(G)) is a sequence of distinct consecutive triangular
numbers say {Tl,TZ,..,Tq} then the function g@is said to be
triangular. In this paper we prove the following graphs

S*(n,m), Generalized Butane graph, n — Centipede union
P., Fork graph are triangular graceful graphs.

Keywords: Star graph, Generalized Butane graph, Y-
tree, n-centipede union Pn graph.

Introduction:

In 1967 Rosa [4] introduced the B - valuation of a
graph G. Golomb [3] subsequently called such
labeling graceful. In 2001 Mr . Suresh Sing and Mr
. Devaraj [1] call a graph G with p vertices and q
edges triangular graceful if there is an injective
function ¢ : V(G) —» X = {0,1,2,...Tq}, where Tq is

h
the qt triangular number. That is, T=1T,=3,
T3= 6, ..., Tn= @ Define the function
¢ :E(G)— {1,2,...T } such that ¢ (uVv) =| o)

o(v) | for all edges (u,v). If ¢ (E(G)) is a sequence
of distinct consecutive triangular numbers say
{Tl,Tz,..,Tq} then the function ¢ is said to be
triangular graceful and the graph which admit such
labeling is called a triangular graceful graph. In this
paper we can see some classes of triangular graceful
graphs.

Hlustration : 1

1

P3 is triangular graceful
C, is triangular graceful

SOME KNOWN RESULTS:

Mr . Suresh Sing and Mr .
proved the following results:

Devaraj

1. The path P is triangular graceful for allm > 2

2.  The snark Klnis triangular graceful for all n>1

3. Olive trees are triangular graceful

4. Complete binary trees are triangular graceful

5. The star Sk " is triangular graceful

6. The double star S(myn) , m > 1, n > 1 is
triangular graceful

7. Caterpillars are triangular graceful

Il
)

8. Cycles Cn are triangular graceful for n =

(mod4)
9. Wheels W _are not triangular graceful

10. The complete bipartite graph K_ s not
triangular graceful , for all m, n>2

Theorem:1.1

Let S be a star with n +1 vertices . Let G
be the disjoint union of m copies of S . Then G is
triangular graceful.

Proof

Let {ao,al,az, ...,an} be the vertices of the star

S . Consider m isomorphic copies of S . Let G is
the disjoint union of m copies of S,

Let V(G) ={aij/1 <i<n+11<j<m}

Note that G has mn edges and m(n + 1) vertices.
Define f: V(G) — {0,1,2,..,Tmn} as follows .

Now label the vertex f(a1 1) as0and f(aij) ,
j=2,3,...,ntlas Tmn,Tm(n_l)] . ..,Tmn_(n_l) respectively
so as the edges f(a11 alj) , ] =2,3,..,n+1must

obtainthe valueas T , T . T
mn mn-(n-1).
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In the second copy, let T be the

vertices adjacent to a,;. Label these vertices as
fa,)=1landothersasT . +1 1<i<n. So
as the edges f(aZla2j ), 2 <j<n+ 1 obtain the values
by f(azj) - f(aZi) = T(mn i) 1<i<n, -

Next let a,,, a33,...a3(n+l) be the vertices
adjacent to as; in the third copy. Label these vertices
as T +2,1<i<nandf(a,) =2 from this

mn — (2n+1-i) 31

we obtain the edge labels as f(asj) —fla,)) =T

<i<
(2n+1-i) ds<i<n

th

Proceeding like this we get in the m copy
of the graph G has the vertex set aml,amz,...,am(nﬂ)_
Labels the wvertices as f(aml) = m 1 and
corresponding other vertices as Ti +m1,
i=12,...n

Clearly all the vertex labelings are distinct
and edge values are in the form {T. T, ...T }.

This completes the proof. Hence G is triangular
graceful.

Ilustration : 2

5 copies of S, is triangular graceful.

Definition:1.1

Let S be a star with (n + 1) vertices.
Consider m copies of S, Identify any one vertex of

h
the it copy other than the central vertex Whith any
t
one vertex other than the centre of (i + 1) copy,
the graph so obtained is denoted as S (n,m).

Theorem:1.2

S+(n,m) is triangular graceful for all n > 3
and m.

Proof

Let{aij/lsisn+1, 1 <j < m} be the
vertex set of m copies of S, Then one vertex of the

2

th
i copy other than the central vertex with any one
. th
vertex other than the centre of &I +1) copy.
. t .
Here we join the a ~ vertex m copies to

th
I vertices. The graph has (mn + 1) vertices and
mn edges.

Define f: V(G) —»{0,1,2,..,Tmn} as follows

f(all): 0

f(alj) = Tmni(ni(j_l))i,iz <js<n+l
f(aZl) = Tmn—(n 1) 7LTmn—n )
f(azj) = f(a21) + Tm+2n_ (+2) 2<j<n

f(a3l) = f(a2n) ] :T(m—Z)n

f(asj) = f(asl) T(m 2+ J,2_j_n
1:(a'ml) = 1:(a(m—l)n) Tn .
f(amj) = f(am1)+Tn7(jfl),2§jsn

Clearly the vertex labels are distinct.
Now from the definition, the edge values are
|f(alj) fla )|=T ., 0<isnilj=i+2

| f(aZl) N f(aln) | = Tmn -n

1,) 1@ =T, oy 25T <0
I1(a,)) 1@, 1= Ty gy _
|f(a3j)\ \f(a31)|: T(mfz)mij, 2<j<n
If@ ) -f@, ) =T, _
|f(aml)—f(amj)|: Tnf(jfl), 2<j<n

Also, |f(aml) - f(amn) | = T

Hence the edge values are in the form { Tl , T2,
Tmn}. Thus S+(n,m) is a triangular graceful graph .
Ilustration : 3

120

91 78

47 39 23

s' (5,3) is triangular graceful .
Definition: 1.2 [Bull graph]

The bull graph is a planar undirected graph
with 5 vertices and 5 edges in the form of a triangle
with two disjoint pendant edges .
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Theorem:1.3

Bull graph with one vertex attached with
the root vertex is triangular graceful .

Proof

Let G be a bull graph with one vertex
attached with the root vertex .
Let V(G) = {vi /1 <i<6} bethe vertex set .

Then G has 6 vertices and 6 edges
Define f: V(G) —{ 0,1,2,.. Ts} as follows

fv) =0 f(v) = 15
f(v,) = 21 f(v,) = 12
f(v,) = 11 f(v) = 1

Clearly the vertex labels are distinct . Hence f is
injective. It remains to show that the edge values are
of the form {Tl, TZ, ...,Tn} Define the induced edge

function f* :E(G) —»{ 1.2,..... T } by
(e) =1f(u)—f(v)| as

fe) =If(v)fv)| =15

e, = If(v,)-f(v)| =21
) = If(v)-f(v)| =3
e, = If(v)—f(v)| =10
) = [fv)-f(v)| =6
) = Ifv)-f(v)| =1

Clearly f* is 1-1 and all the edges are of the form
{ TZ,T3 ,...,TG} . Hence bull graph is triangular

graceful.

Ilustration: 4

1

Bull graph is triangular graceful .
Definition: 1.3 [Fork graph]

The fork graph sometimes also called the
chair graph is the 5 vertices tree and it has 4 edges .

Theorem: 1.4

Fork graph is triangular graceful graph .

3

Proof

Let G be a fork graph with 5 vertices and 4
edges. Let the veretex set be V(G) ={ u /1 <i<5}.

Let the edge set be E(G) = { u u.,, [1<i<2} v
{u1u4}u{u4u5}. Define f: V(G) —{ 0,1,2,..,T4}
such that
f(ul) =0; f(uz) =3; f(us) =6
f(u4) =10; f(us):9
Clearly the vertex labels are distinct . Hence f is
injective and the edge labels are of the form {T1 ,

Tz,...,T4} is given by
* _ _ * _ _
fie) =3=T, f(e,) =6=T,
f'e)=10=T, fe) =1=T,
Clearly all the vertex labels are distinct and
the edge labels are of the form {T T T T4} .

12" g
Hence fork graph is triangular graceful graph.
Illustration: 5

Fork graph is triangular graceful graph.
Definition:1.4[Ladder rung graph ]
Ladder rung graph is the graph union of n

copies of the path graph P It has 2n vertices and n
edges.

Theorem: 1.5
Ladder rung graph is triangular graceful .
Proof

Let G be the ladder rung graph of 2n
vertices and n edges .

Let Vo VoV, i =1, 2 be the vertex set
and E(G) = {vljv2j / 1 <j < n}be the edge set of the
graph. Define f: V(G) — {0,1,2,..,Tn} as follows

flv,) =0 f(v)=XZi(n—j), 2<i<n

fiv,) =T f(v,) =T ({01, 2<i<n.
Clearly all the vertex labels are distinct. Hence f is
injective . It remains to show that the edge values
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are of the form {Tl,Tz,....,Tn}. Define the induced
edge function
" B(G) — {1,2,.T } as
f*(ei) = | f(Viz) — f(Vi1)| :Tn_ (| 0 1)_2;;11(71 -
=T (i U1)-[(nC 1)+ n-2+....+n0i(i 0 1)]
= T, (DG 0S
T - (it12) = n(i 1)+@
RO (1) (i) + X2

[n(n+1) 2 C1) 2n (01 i 1)]/

2
= [n22+ n—(2n+2) (i 1)+ (i 1]/ 2

=[n+n00(2n D020 + 2i 2)+ i2
S 2
_ n*+3n-2ni-3i+i*-2
2
=(-i+)(—-i+2) = [n=(@-DI[(n-i)+1]
2 2
ffe) = T - (itD),i=23..n
) = If(v)-f(v )I=T

Clearly " is 1-1 and all the edges are of the form
{Tl,Tz, ..,Tn}.Hence ladder rung graph is triangular

graceful .
Illustration: 6
0 4 7 9 10
15 10 6 3 1

Ladder rung graph of 5P, is triangular graceful.

Definition: 1.5 [Generalized Butane graph]
Generalized Butane graph is defined as

follows. Let G be a graph with V(G)={u/1<i
< n}u{vi /1<i<n} u{wi /0<i<n+l}and

E(G) ={uiwi/1s i < n}u{wivills i<n}u
{WiWi+1/ 0 <i<n}. Then the graph G has 3n + 2
vertices and 3n + 1 edges.

Theorem: 1.6

Generalized Butane graph is triangular
graceful.

Proof

Let G be the graph with V(G):{uills
isn}u{villsisn}u{wi/OSisn+1}
and E(G) = {uiwjllsisn}u{wivillsis
n}u{wi wM/Ogisn}. Then the graph G has

3n + 2 vertices and 3n + 1 edges.
Define f :V(G) —» {0,1, 2, 3, . . .

follows.
Now label the vertex f(w 1) as 0 and f(w2

):Tl;f(wa):T1+T2, and
f(wi):Ti_2+ T, 4c< i< n+ 1 Soasthe edges

, T, ..} as

3n+1

W W ,WW_, ..,WWwW _, mustobtain the values
1 2 2 3 n n+l
as Tl, TZ, e, Tn.
Next let u, u, u, .. ., u be the
. . 1 2 3 n .
vertices adjacent to W, W, Wy ooy Win left.

Label the vertices f(u, ) as T _ .+ f(w ), 1<i<n

and so as the edges U W, UWw, ..., uw must
obtain the values asT ., 1< i <n.

Also let ViV VooV be the
vertices adjacent to W, W, W,y W in right
. Label the vertices f(vl) as T, , and VgV, as
Te’n + f( Wi+l)’1 <i<n (1. And the
corresponding edges v W , V.W,, V.W,, ..., v W_

must obtain the values as TSn[ ‘ ifor 0<i<n [J

1.
Also the vertex f(wg) has 3n + 1 and the
corresponding edge f(wowl) =3n+ 1, Clearly all

the vertex labelings are district and edge values
are in the form {Tl,Tz, - ,T3n+1}. This

completes the proof. Hence Generalised Butane
graph is triangular graceful.

Illustration: 7
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Generalized Butane graph of n = 6 is
triangular graceful.

Theorem: 1.7

n-centipede
graceful.

union P is triangular

Proof

The n-centipede is the tree on 2n nodes
obtained by joining the bottoms of n copies of
the path graph P2 laid in a row with edges. It has

2n vertices and 2n — 1 edges. The path graph

P is of nvertices and n — 1 edges.

Let G; be the n-centipede u, and vi,ls i <nand

G2 be the path Pn of W, W,y W
Then V(G) =V(G)) v V(G,) and E(G)

= E(Gl) ) E(Gz). Now the graph G has 3n

vertices and 3n — 2 edges.

Define f: V(G) - {0,1,2,3,..., T, ,}as

follows.Now label the vertex as follows

Case (i) Suppose n is odd

f(u)=0 f(u)=T, ,
f (u2i +1) = f(uZi) - T3n_2(i+1) for 1< 1 s{ﬂ]
2
f (uzi) = f(u2i - 1) +T3n —(2i+1)f0r 2<i< {EJ 01
2

From this we get the edges U U, U, Uy,

u ,u must obtain the values T . ., T =,

....... ,T 2n_1.Also the vertex label of v are
f(vl) = T3n -2
f(v,, )= fu,, )T, 0, forisi< {gJ

5

fv,) =f(u,) 1T, ,fori<i S{gw

Case (ii) suppose n is even

fu)=0 f(u)=T, .
. n
f(u2i+1) - f(uzi)_TSn—z(iﬂ) for 1< < E
- N
f(u,) —f(u2i71)+T3n7(2i+1) for2<i < 3 1
From this we get the edges U Uy, UUg, Ul
u u must obtain the values T , T ,
n-1-n 3n -3 3n - 4

....... T 2n71.Also the vertex label of v, are

fv) =T,
n

f(v,,, ) = f(U,, T, 0, fOrl< i <

N

- ; n
f(v2i) —f(uZi) O TZW2i fori<i <’

2
So as from above results the edge u v,
must obtain the value T, and the remaining
edges u,Vv,,U,v,,.,u v must obtain the values T,
-2 T 2n -3"'Tn'
Also the vertex label of w, 1< i <nby
flw) = 1
fw, )= 2
f(wn i) :f(wn (ifl))+Ti,2§ i <ni1
and so the edges WW,_, 1< i<n-1must

obtain the value T . T T ... T.

Clearly all the vertex labels are distinct
and the edge values are in the form {Tl, T2, Cy

Te’n - 2}. This complete the proof. Hence G is

triangular graceful.
IHlustration: 8

4-centipede union P, is triangular graceful.

Theorem: 1.8

K., K, istriangular graceful.

Proof
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Let KLn of Upo U, e
A be the vertices of Kz'
Note that the graph Kl,n v K, has n + 3 vertices
and n + 1 edges.
Define f: V(G) —»{0,1, 2, ... ,TM} as follows
flu) =0 flu) =T,2<i<n+1
f(vl) =4 f(vz) =5
Clearly all the vertex labels are distinct.

Hence f is injective the edge labels are of the

form{T,T,T,..., T _}by
fle)=Ifu)-fu)|= T, 2<is<n+l
fe)=1f(v)-f(v)|= T,

Thus all the edge labels are of the form {Tl, T,

T, Tm}. This completes the proof. Hence

K1 WY K2 is triangular graceful.

Ilustration:9

U vertices and

K15u K2 is triangular graceful.

Definition:1.6

Y- tree is the tree obtained by taking
three paths of same length and identifying one
point of each path .

Theorem: 1.9
Y-tree is triangular graceful for all n.

Proof

Let V(G) = {ul, Uyooos un} ) {vl, V.
Cy vn}u{wl, W, oo, Wn}where u =v, =w
and E(G) ={uu,  /1<i<n-1}u{vv /1<i
Sn—l}u{wiwi+1/1§i§n—1}.
Note that the graph Y- tree has 3n — 2 vertices

and 3(n — 1) edges.Define f: V(G) - {0, 1, 2, ..
s Ts(n_l)} as follows
Case (a) Suppose n is odd
flu =v, =w)=0
flu) =T _,
flu, ) =) 0T,

o

L, forl1< i <
2i

6

- i<l n
f(uzi)—f(UZi_1)+Tn(2i1),for2£|£{EJ

fu) =f(u )+ T Sfv)=T, .
fwﬁszn3+TmmezsisL£J
2
n
2

f(Wz) :T3(n—1)
f(W2i+1) = f(WZi) B T3n—(2i +2)’ =i < {

f(WZi) = f(w

2i-1) 3n - (2i +1)’

+ T Zsis{

Case (b) Suppose n is even
flu=v,=w)=0

fu)=T .
f(u2i+1) = f(u2i) T forl<i<h 001
2

fu,) =f(u, )+ T . . for2<is E%

f(VZ) = T2n -2

f(v,) =f(v, ) +T, . for 2<i < %

fwmgzﬂ%ng(mwjmlgigg 1

f(Wz) :T3(n71)

f(W2i+l) = f(WZi) B T3n—(2i+2)’ 1<i< g 1
- : n

f(WZi) - f(WZi-l) +T3n—(2i +1) 251 < E

Clearly all the vertex labels are district.
Hence f is injective. It remains to show that the
edge values are of the form {T , T, T_, ..., T3(n

_ 1y }. Define the induced edge function
]
f :DE(G) - {1,2,..,T3(n_1)} by
f (u(ei)) = f(uiui+1) =T ,.1< i<nil
o
fm (V(ei)) = f(ViV i+1) = Tzn —(i+1)’
£ we) = fww,,) =T,
1

1<i<ni1

i<
_(Hz),lgl_n

Clearly f is 1 -1 and f(E(G))

={T1,T2,....,Ts(nl)}.This completes the proof.

Hence Y-tree is triangular graceful.

Ilustration: 10
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Let us verify the algorithm for n = 8. Then G is
as follows

flu =v,=w)=0

fu) = T =T~=28

fu,, )=fu,) 0 T . fori<i<D 01
i 5
flu,) =f(u, ) +Tn7(2i71), for2<i < %
fu) =f(u,) 0T, ,=f(u) T =28121=7
flu) =f(u) 0 Ts=7+15 = 22
f(ug) 0 f(u,) © T,=22-10 =12
f(u6) :f(us) 0T, =12+6= 18
fu) =f(u) 0 T, =180 3 = 15
f(us) :f(u7) LT, =15+1 = 16
fv,) =T, , =T, , =Ty =105
f(vz_):f(vz_l) +T, 2_,for 2<i < =
1 1- n-=21 2
_ . n
f(vzm) = f(vzi) -T @i+ 1y for1<i < E
1

f(v)=f(v,)-T ;.= f(v,)-T ,=105-91=14
fv)=1%(v) +T  ,=14+T -14+78 =92

f(Vs):f(V4) O Tll =902 66 = 26
f(v)="f(v,) 1 T =26+55 = 81
f(V7) = f(VG) U T9 =81 45 = 36
f(v)=f(v) 0 T, =36+36 = 72
fw,) :Ts(n—1)= 38-1)
f(WZ) = T21 =231
. .n
f(W,,) = TW,) =T, iy 150 < > 1
. N
f(w,) = f(w, ) + T3n—(2i ayr 251 < >

f(w,) =f(w,) -T,, ,=231-T, =231 210=21
f(w,) = f(w)+T,, =21+T =71+190 = 211
fw)=f(w) T, =211 1171 =49

f(Ws) = f(Ws) +T._ =40 +153 =193
flw)="f(w) -T =193 -136 =57
f(Ws) = f(W7) + T15 =57+120 =177

7

Y-tree is triangular graceful when n = 8.
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