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Abstract— In this paper, we discussed totally regular fuzzy
digraphs and properties of totally regular fuzzy digraphs. The
concepts of the total degree of a vertex in fuzzy digraphs formed
by the operation union is terms of the total degree of vertices in
the given fuzzy digraphs for some particular cases are obtained
some properties of regular fuzzy digraphs are studied and they
are examined for totally regular fuzzy digraphs.
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1. Introduction

Fuzzy graph theory was introduced by Azriel Rosenfeld in 1975 [9].
In 1965 Lofti A.Zadeh [3] introduced mathematical frame work to
explain the concept of uncertainty in real life through the pratication
of a seminal paper. This ranges from traditional mathematical
subjects. Bhattacharya [1] propose the concept of some remarks on
fuzzy graphs. mordeson J.N and peng.c.s [4] identified the
operations on fuzzy graphs and the operations of union, join,
cartesian an product and composition of two fuzzy digraphs. First we
go through some basic definitions which can be found in [2,5-12]

In this paper, we review concepts involving the degree of a vertex in
some fuzzy digraphs and regular property of fuzzy digraph which are
obtained from two given fuzzy digraphs using the operation, join,
Cartesian product and composition. Fir

2. Preliminaries
Definition: 2.1

A fuzzy graph G = (V, 0, 1) where v is the vertices, o is the
fuzzy subset of v and u is the membership value on o such that
uw,v) < o) Ao(v) forevery u,v e v.

Definition: 2.2

A fuzzy digraph Gp = (op up ) is a pair of function op:v —
[0,1] and pp : VXV — [0,1] where pup < op (WA ap[V] for
every u,v € V and yy, is a set of fuzzy directed edges called the
fuzzy arcs.

Definition: 2.3

Let G, = (op, pp) be a fuzzy digraph on G, : (V,E) The
degree of a vertex uis dg, (W) = % u(u,v)

The minimum degree of G, is denoted by§ (Gp)
§(Gp) = AN{dg, (W), VveV}

The maximum degree of G is denoted by A (Gp)
A(Gp) = V{dg, W),V veV}

Definition: 2.4

The order of a fuzzy digraph Gp are defined by 0(Gp) =

uév op(u)

and The size of a fuzzy digraph G, are defined by s (Gp) =

u(EE:E O-D (u)
Definition: 2.5

An indegree of a vertex u in a fuzzy digraph is the sum of the
up (uv) vertex of the edges incident. Towards the vertex o, ().

The outdegree of a vertex in a fuzzy digraph is the sum of the up
values of the edges incident from the vertex to all other vertices.

Here u is any vertex in v. Then the indgree and outdegree in Fuzzy
digraph was denote by djf (w) and dj (w).

Definition: 2.6
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Let Gp: (op pp) be a fuzzy digraph on G* : (V, E) ) then a digraph is
said to be fuzzy regular digraph if every vertex has the same indegree
and outdegree as every other vertex.

Definition: 2.7

The union of two fuzzy digraph G,, and G, is defined as a fuzzy
digraph  Gp = Gip U Gap : (O1p U Ogp, Hp U Hap) ON Gp *:
(V,E)whereV =V; U V, and E = E; U E, with.

(01pUo3p) (u)
o1p (W)

o2p (W) =
o1p (W) Voyp ()

ifu€ vi_v,
ifue v,_v
ifue vy, Ny

(110U uzp (€)
tp (e)

Uzp(€) =
wip (€ V pzp (e)

ife€e E;_E,
I:fe € Ez_E1
ifee E;nNE;

Definition: 2.8

Let Gp : (opup) be a fuzzy digraph. The degree of a vertex u in Gp
is defined by

dep, W = L upwv) = 2 pp(uv).

Definition: 2.9

Let G : (op,up) be a fuzzy digraph on Gp*. The total degree of a
vertex u € v is defined by,

tdg, W) = X up(uw) +0p (0)

dgp, W) +op ()

If each vertex G, has the same total degree k, then Gpis said to be a
totally regular fuzzy digraph of total degree k or a k- totally regular
fuzzy digraph.

3. Totally regular fuzzy digraph

Definition 3.1

A digraph is said to be fuzzy regular digraph if every vertex has the
same indegree and outdegree as every other vertex.

Example:
u g (0.6)
0.4 0.4
d
w (0.5) \0_4 v (0.2)

FIG 1-regular fuzzy digraph.

In figure Gp* : (V,E) where V = {u,v,w} and E = {uv, vw, wu}
define Gp: (op1tp), op(u) = 0.6 op(v) = 0.2 op(w) =0.5 and
up (uv) =04  up (vw) = 0.4 pup (wv) = 0.4. Then every vertex
has same indegree and outdegree. So Gy, is a regular fuzzy digraph.
Definition 3.2

Let Gp: (op, up) be a fuzzy digraph on G,*. The total degree of a
Fuzzy digraph is defined by.

tdg, (W) = 2, upuv) + ap (W)

=dg, (W) + op (w).

If every vertex of G has the same total degree k; Then Gp, is said to
be totally regular fuzzy digraph of total degree k or a k-totally regular
fuzzy digraph.
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Example: Thus (1) = (2) is proved.

Now, suppose that Gp, is a K,_ totally regular fuzzy digraph

v1 (0.4)

Then thD(U) :K2 Yuev

dp(UW+op(uw) =K, Vuev
0.3 p(U) +0p 2

dp(W+c=K,Vuev

dp(Uy=K, —cVuev

v3(0.4) <0.3 v2(0.
So Gp is a regular fuzzy digraph.

Thus (2) = (1) is proved.
FIG 2-regular fuzzy digraph and totally regular fuzzy digraph Hence (1) and (2) are equivalent.

In figure G™: (V, E) where V={vi, V,, va} and E ={ v1V,, VoV3, VaV1} Conversely,
Define Gp: (op,up) by ap (Vi) = ap (Vo) = op (v3) = 0.4 and
pp (Viva) = pp (Vavs) = pp (Vavy) = 0.3. dgp (Vi) = dgp (V2)  Assume that (1) & (2) are equivalent.
= dgp (v3) = 0.3 and tdg, (V1) = tdg, (V2) = tdg, (Va).
(i.e) Gp is regular iff G is totally regular.

Suppose gy, is not a constant function.
Hence Gp is a regular fuzzy digraph and Gy, is also a totally regular

fuzzy digraph. Then ap (1) # op(w) for at least one pair of vertices u,w € v.
Theorem 3.3 Let G, be K- regular fuzzy digraph.
Let Gp: (op, up) be a fuzzy digraph on G,*: ( V E). Then gp is a Then dp(u) = dp(w) =K
constant function if and only if the following are equivalent.
So th(U) = dD (u) + Op (u)
1) Gpisaregular fuzzy digraph
2) Gp isatotally regular fuzzy digraph. =K+ap(u)

and tdp(w) = dp(w) = ap(w)
Proof:
=K+ap(w)

Suppose that o is a constant function.

Since op(u) # ap(w), we have tdp(u) # tdp (w)
Let op(u) = ¢, aconstant, V u € v.

So Gp is not totally regular which is a contradiction to our
Assume that G, is a k — regular fuzzy digraph. assumption.

Now Let G, be a totally regular fuzzy digraph

Thendp (W) =kVu €ev Then tdp(u) = tdp(w)
So tdg, (w) =dp(w) + op(W) Vu € v. dp(u) + op(w) = dp(w) + op(w)
tdg, W) =K, +CYu€w. dp(u)—op(W) =0 (W) -0 (u)

dp(u) # dp(w).

Hence Gy, is a totally regular fuzzy digraph. So Gy, is not regular which is a contradiction to our assumption.
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Hence oy, is a constant function.
Theorem 3.4

If a fuzzy digraph Gp: (op,up) is both regular and totally regular
then ay, is a constant function.

Proof:

Let Gp: (op, up) be a K-regular and K, totally regular fuzzy digraph.

Sodp(u) =K, Vu €v
andtdp(u) =K Vu €v
now, tdp(u) =K, Yu €v

dp(u)y+op (W) =K, Vu €v

Ki + 0p(W)=K, Vu €v

op (W =K, — K, Yu €v
Hence oy, is a constant function.

Example:

vi(0.5) l]'s n(04)
/
02 A Y
ya
vy {05} " Vi (07}

FIG - 3 not totally regular fuzzy digraph.

Consider G, ":(V, E) where v={v,, v, v, v,} and
E= {v1v2, vov3, V304, 414 }.

Define  Gp:(op,up) by op(v1)=0.5, op(v2)=04, op(v3)=0.7,
0p(v4)=0.5, and pp(vy,v2)=0.3, pp(vz,v3)=0.2, pp(vs,v4)=0.3,
Up(v4,11)=0.2.

Then Gy, is a regular fuzzy digraph, if every vertex has same indegree
and outdegree.

dg,(v1) = 0.3+0.2=0.5,dg, (v;) = 0.3+0.2=0.5
dg,(v3) = 03+0.2=05,dg, (v) = 03+0.2=05
~ Gp is regular fuzzy digraph.

tdp(vy) = 1.0 tdp(vy) = 1.9 tdp(vs) = 1.2 tdp(v,) = 1.0

So Gy, is not totally regular fuzzy digraph.

Example:
v1 (0.5) J4 v2 (0.6)
7
034 02
Vi
<
v4 (0.6) 0.3 v3 (0.7)
FIG — 4 total., gular fuzzy
digraph.

Consider G, ":(V,E) where v={v,, v,, 13, v,} and
E={v1vy, 1,03, V304, V411 }
Define  Gp: (op,up) by op(v1)=0.5, op(v2)=0.6, 0p(v3)=0.7,

0p(v4)=0.6, and pp(vy,v2)=0.4, pp(vy,v3)=0.2, pp(vs,v4)=0.3,
pp(Va,v1)=0.3.

Then, dGD (171) =0.7 dGD (172) =0.6 dGD (173) =05

dg, (vs) =So Gp is not regular digraph.

thD (Ul) =0.2 thD (Uz) =1.2 thD(173) =1.2 thD (U4) =1.2.
- tdg, (v1) =tdg, (vy) = tdg, (v3) = thD(V4) =1.2.
Gp is totally regular digraph.

The fuzzy digraph in example is totally regular fuzzy digraph But it
is not a regular fuzzy digraph.

4. Properties of totally regular fuzzy digraphs

Theorem 4.1:
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The size of a K-regular fuzzy digraph Gp: (op, up) on Gp*:(V,E) is
PK
- where P=|V|.

Proof:
The size of fuzzy digraph Gp: (op, up) is S(Gp) = WZEE up (uv)
Since G is K-regular.
dg,(w) =k VVu €v
We have VEV dg,(v) =2 WZEE up (uv)
=2S(Gp).

So 28(Gp) =, dg,(v)

-2
~ vev K
=Pk
Hence S(Gp) = %
Theorem 4.2

In any fuzzy digraph Gp: (op,up) if ap (v) > 0 for every v € v,
Then tdp(v) > 0 for every v € v.

Proof
op (W) >0 Yu€v

tdp(v) >0 Vu €.

Theorem 4.3

The maximum total degree of any vertex in a fuzzy digraph with P
vertices is P.

Proof

For any vertex v,

tdg, (v) = m,ZEE tpv) + sp(v)

tdp(v) = P.

Hence the proof
Theorem 4.4

The total degree of a vertex v is o, (v) is and only is the degree of v
is 0.

Proof
The total degree of a vertex v is
tdp(v) = Sp(v)
wzg Hp () + Sp(¥)=Sp (v)
e ip (uv) = 0.
dg,(v) = 0.
Definition 4.5

For any fuzzy subset y, of V such that y, € gp. The fuzzy sub
digraph of Gp: (op, up) induced by yp is the maximal fuzzy sub
digraph of Gp: (op, 1p) that has fuzzy vertex set y, and it is the
fuzzy sub digraph Hp: (yp,7p) Where tp(u,v) = 1p(W) A 7p(v) A
up (U, V)V u,v €.

Theorem 4.6

Every fuzzy digraph is an induced fuzzy sub digraph of a totally
regular fuzzy digraph.

Proof
Let Gp:(V,E) be any fuzzy digraph with P vertices and q edges.

If G is totally regular, there is nothing to prove. Suppose that G, is
not totally regular.

Let A*p= max {tdp (v)/v € V} let us prove that Gp is an induced
fuzzy sub digraph of a A*j, totally regular fuzzy digraph.

Take a copy Gp* of Gp. Take any vertex v with total degree less than
A* join it to its copy V1in Gp®.

Assign min {o, (V),A"p — tdg, (V)} asthe membership
Value of the edge VV?!
thD (v) < A*D

Let the resultant fuzzy graph be G, for any vertex V with td,(v) <
Ap*

Ifu (Vv') =min{op (V),A"p — td 5, (V)}
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=A"p —tdgp(V)
Then,
= tdg,, (V) = tdep(V) + pp (VV1)
tdgp + A"p —tdgp (V)
= A",

And all the vertices, which have total degree A*, in G, and their
copies in G’ will have the same total degree A*p in Gyp.

Also, tdgp (V) = tdgp(VH+ Mp (VV')
=tdgp(V) + Mp (VV')
= A*D.

For every vertices with total degree less than A*, in Gp and their
copies in G'p.

If for some vertex V with tdgp (V) < A*)p
= min{og, (V) A*p —tdg, (V)}
= 0Ogp )

Then tdgp (V) < A*p

Gypand tdgp (V) < A*p

The vertices have total degree A* in the resultant fuzzy digraph

A'p—tdgp (V)

Let = [max o )

/ tdgp ) < A'p ]

Then the procedure stops after n sfeps with A*j, totally regular fuzzy
digraph G,,p.

Also G is an induced fuzzy sub digraph of G,,p
Here the number of vertices in

Gpp =P+ P+2P+22P - 42"1P

=p+(3)p

2-1

=P+ (2" 1)pP
= 2"P.

A'p—tdgp (V)}
agp (V)

Then the number of edges in G,p = ng + VEV {

Theorem: 4.7

Let Gp : (op,up) be a fuzzy digraph such that both o5, and up are
constant partially regular fuzzy digraph. Then G, is a totally regular
fuzzy digraph if and only if G is a partially regular fuzzy digraph.

Proof:

Assume that G, is a k - totally regular fuzzy digraph
Let up (uv) = CYuv € Vandop(u) = C,Vu eV
Where C and C; are constants

Then, thD (u) = dGD (u) + op (u)

=L upuv) + op(w)
K = Cd*g, (W) +Cy

lvuev
C

d'g, (W) =
So G*p, is regular and hence Gy, is a partially regular fuzzy digraph
Conversely assume that G is a partially regular fuzzy digraph.
Let G*, be ar- regular graph then
tdgp (W) = dgp (W) + op(w)
tdgp (W) = cd*p (W) + ¢4

=cr+C,VEV

So G is totally regular fuzzy digraph.
Theorem 4:

Let Gip: (01p H1p) and Gop: (02p tap) be two fuzzy digraph such
that o,p = yp Thenoyp = oyp.

Proof:
The definition of fuzzy digraph u,p < a,p (WA ayp VIV ur €V,
We have min p,p < oyp
Oip = Hzp
o1p < min lpp
O1p SMINyp < Ozp
Mipp < o03p.

5. Totally regular property of union of two fuzzy digraphs
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Definition: 5.1

The union of two fuzzy digraph G;pand G,p is defined as a fuzzy
digraph Gip = GpUGyp : (01p Udyp, uapU pzp) on G*p (V,E)
Where V =V, UV, and E = E; UE, with,
(01pUo2p) () 4
o1p (W)
02p (W)
o1p (W) Voyp (W)

ifue vy_v,
ifu€ vy,_v;
ifue v, Nv;

(110U p2p) (€) C ) =
wip (e) ife€ E;_E,
pap(€) ife€ E,_E;
t1p () Voyp (e) ife€ E; NE;
.

Definition: 5.2

Let GlD : (O-IDIMID) and GZD : (O-ZDMuZD) be two fUZZy dlgl’aphS
with underlying crisp graph (V; , E;) and (V,, E,) respectively.

1) If u € V; UV, and u is arbitary then

_ thlD(u) ue V1
thlDUGZD W) = {thZD Wuev,

Definition: 5.3

If u €V, UV, but no edge incident at u lies in E; N E, Then any
edge incident at u is either in E; or in E, but not both.

Also all these edges will be incident in G,p U G,p.
tdgypygap W = tdg,, W) + tdg,, () — o1p (WA op (W)
Definition: 5.4

If u € V; UV, and some edges incident at a are in E; N E, Any edge
uv whichisin E; N E, GipU G,p and for this ulV.

tdgipucep (W) = (tdgip (u) + tdgzp(u) — o1p (W) Aozp (u) —
uveEZlnEZ wip (UV)A pyp (uv)).
Theorem 5.5

If Gip and G,p are two disjoint k- totally regular fuzzy digraph then
Gyp UG,p is a k totally regular fuzzy digraph,

Proof:

7

Since G,p and G, are disjoint fuzzy digraph

tdgip(u)
tdgop (W)

tdgipueap (W) = { ifuev,

=k foreveryu € V;UV,
G,UG, is totally regular.
Conclusion

In this paper totally regular fuzzy digraphs, we have discussed the
concept of total degree and every fuzzy digraph induced subdigraph
of a totally regular fuzzy digraph. Also the total degree of a vertax in
fuzzy digraphs formed by the operation union interms of the total
degree of vertices in the given fuzzy digraphs for some particular
cases are obtained.
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