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1. Introduction

An elegant result in the theory of distribution of zeros
of polynomials is the following theorem known as
Enestrom-Kakeya Theorem[4]:

n

Theorem A: Let P(z) = Zajz’ be a polynomial
=0

of degree n such that

a,za,; =..2a 2a,>0.

Then all the zeros of P(z) lie in |Z| <1.

Aziz and Mohammad [1] extended the above theorem
to a class of analytic functions

f(2) = Zaj 2 (not identically equal to zero) with
j=0
its coefficients satisfying an Enestrom-Kakeya type
condition. In fact, they proved the following result:

. — i ; ;

Theorem B: Let f(2) —Zoajz (not identically
J:

equal to zero) be analytic in |Z| <t.If a; > 0 and

a; , —ta >0,)]=2123..... , then f(z) does not

vanish in |Z| <t.

Aziz and Shah [2] gave a generalization of Theorem

B and proved the following result:

Theorem C: Let f(z) :Zajzj (not identically
j=0

equal to zero) be analytic in |Z| <t. If for some

k>1
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ka, >ta, >t’a, >.......,
then f(z) does not vanish in
k-1 kt
Z— t < :
2k -1 2k -1
Shah and Liman [5] extended Theorem C to

functions with complex coefficients and proved the
following:

Theorem D: Let f(z)= Zajzj (not identically
j=0

equal to zero) be analytic in |Z| <t. If for some
k>1

klag| > tla,| > t?[a,| > .......,

and for some real «, f3,

larga; —,B‘Sas%, j=012,...,

then f(z) does not vanish in

(k=D |< Mt
M2—(k-1)2]" M2 —(k-1)%"
where
M :k(003a+sina)+25iﬂi‘aj‘t" .
lao| =

In this paper we prove the following results:

Theorem 1: Let f(2) :Zajzj (not identically
j=0
equal to zero) be analytic in |Z| <t. If for some

k<1
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kla,| <tla,| <t?[a,|<......., b, —b,| < (by| —|b,|) cose + (b, | +|b, ) sine.

and for some real «, S, 3. Proofs of Theorems

- Proof of Theoreml: Since f(2) =Z:ajzj is
arga; - fl<a <, j=012....., =0
2 analytic in |z| <t we have lim, a;z' =0.

then f(z) does not vanish in . .
Now consider the function

(k—l)t | Mt )
, Fio)=t-2)f(2)=(t—-2)(a, +a,z+a,2" +......)
M2 —(k-1) | M2 —(k —1)° I
where
=ta, +(ta, —a,)z + (ta, —a,)z* +......
SII"IO( Z‘ ‘ "
=ta, —a,z+ka,z — (ka, —ta,)z+ Y (ta; —a; )t’
i=2
Theorem 2: Let f(2) :Zajzj (not identically =ta, —a,z +ka,z+G(z)
=0
equal to zero) be analytic in |Z| <t. If for some where
k <1, B
G(z) = —(ka, —ta,)z+ Y (ta. —a_,)z’.
Kla| < tla,| < t?|a,| <....... <t[a | ,Z b
> t“1|a | > For |Z| =1, we have by using the hypothesis and the
> ] = s

above lemma,

G(2)| < [ka, —tay|t + Z‘taj —~ aj_l‘tj
=2

and for some real «, 3,

larga, —,8‘3053%, j=012,....

then (z) does not vanish in <t(tja,| - klay|) coser +t(t|a, |+ k|a,|) sine
(k=D | M't +t°{(t|a,| - [a,)) cosa + (tfa,| +]a, ) sinex
12 _ A\ .
WhereM —(k-=D) | (k-1) +t*{(t|ay| - [a,[) cosa + (tas| +|a ) sina} +.....
+t*{(t}a,|-[a,,))cosa + (t]a,| -|a,_ ) sina}
(2t | Z‘ ‘ +t""{(tja .. —[a, cosa + (tja,,,| —|a; ) sina} +......
0 a
2. Lemma
For the proofs of the above results , we need the
following lemma due to Govil and Rahman [3]: = t|a0 |[k(5|n05 cosa) + oSN | | Z‘ ‘tj
0

Lemma: If Db;,b,are real numbers such that

b, > b, and for some real &, S, =tla,|M
‘b _,3‘ <a< K =12, Since G(z) is analytic for |Z| <1,G(0)=0, it follows
2’ by Schwarz lemma that
Then |G(Z)| < t|a0|M |Z| for |Z| <t.
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Hence , for |Z| <t
F(2)| =|ta; —a,z +ka,z +G(2)|
>|ta, —a,z + ka,z| - |G(2)|
>a,[[|(k —1)z +t|—tM|z]]
>0

tM|z] <|(k -Dz +t].

It can be easily verified that the above region is
precisely the disk

(k=D |< Mt

M2—(k-1)?2] M?-(k-1)%
Thus , it follows that F(z) and hence f(z) does not
vanish in

(k -t |< Mt
M2—(k-1)2] M?—(k-1)>

and the proof of the theorem is complete.
Proof of Theorem 2: As in the proof of theorem 1,

we have for |Z| <t,

G(2)| <t(tja,| - K|ag|) coser +t(t[ay |+ k|a, ) sine

+t2{(tja,| -|a,|) cosa + (t[a,|+|a,) sina

+t*{(t}a;| -[a,]) cosa + (t|a,| + [a, ) sina}+......

+t*{(t}a,|—[a, s cosa + (tja,| - |a, ) sina}

+t"{(a,|-tla,..[) cosa + (la, |- ta,.. ) sina}+

i ina
a| lao| =

=tfa,[M".

=t|a,|[2

Hence , as in the proof of Theorem 1, it follows that
F(z) and hence f(z) does not vanish in

ket [ Mt
M!Z_(k_1)2| M/Z_(k_l)Z
and the proof of theorem 2 is complete.
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—k)c05a+ksina+23—i‘aj‘t"]
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