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Abstract: This paper provides some methods of
construction of balanced bipartite block (BBPB) designs
which are based on incidence matrices of the known
balanced incomplete block (BIB) designs. The designs are
useful for comparing a set of test treatments to a set of
control treatments. Examples are given for application of
the results.
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l. Introduction

This paper deals with the situation where
two sets of treatments are compared. One set of v,
treatments are called test treatments (denoted by
1,2,..,v;) and the other set of v, (= 2) treatments
are called control treatments (denoted by v, +
1,..,v; + v,(= v)). Balanced treatment incomplete
block (BTIB) designs have been defined by
Bechhofer and Tamhane (1981) for test treatments-
control comparison. Angelis and Moyssiadis (1991)
have defined balanced treatment incomplete block
designs with unequal block sizes (BTIUB) for test
treatments-control comparison as a natural extension
of BTIB designs. The need for blocks of unequal
sizes in biological experiments has been noted by
Pearce (1964). Angelis and Moyssiadis (1991) and
Angelis, Moyssiadis and Kageyama (1993) have
obtained some methods of construction of A-efficient
BTIUB designs. Jacroux (1992) has derived some
methods of construction of A- and MV-optimal
balanced treatment unequal block designs. For
comparing test treatments with a control treatment
Parsad and Gupta (1994) have obtained the structure
of optimal BTIUB designs. For comparing a set of
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test treatments with a set of control treatments
balanced bipartite block (BBPB) designs have been
introduced by Kageyama and Sinha (1988) as an
extension of BTIB designs.

Definition 1.1: An incomplete block binary design
with a set of v, treatments occurring r; times and
another set of v, treatments occurring r, times (r; #
1,) arranged into b blocks of constant block size k is
said to be a BBPB design if

(i) any two distinct treatments in the it* set occur
together in A;; blocks, i = 1,2;

(ii) any two treatments from different sets occur
together in A;, = A,,(> 0) blocks.

Majumdar (1986) has given certain
sufficient conditions for a block design to be A-
optimal for test treatments-control treatments
comparison. Kageyama and Sinha (1988) and Sinha
and Kageyama (1990) have given some methods of
construction of BBPB designs. Parsad, Gupta and
Singh (1996) have studied the optimal designs for
comparing two sets of treatments. Balanced bipartite
block designs with unequal block sizes (BBPBUB)
for both binary and non-binary block designs have
been defined by Jaggi, Parsad and Gupta (1999)
using the definition of the BBPB designs given by
Kageyama and Sinha (1988) and the BTIUB designs
by Angelis and Moyssiadis (1991). Several
researchers have studied more results for comparing a
set of test treatments with a set of control treatments
(see e.g. Majumdar (1996), Gupta and Parsad (2001)
and Jacroux (2000, 2002)).
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We give some methods of constructing
BBPBUB designs for comparing test treatments-
control treatments comparison by using BIB designs
in following section. The definition of BIB design
can be seen in Raghavrao (1971).

In what follows, we denote by ® the
kronecker product of matrices, 1, the 1 xp row
vector of ones, 1;, & N the p replications of N, I,, the
identity matrix of order p, /x4 the matrix of ones of
order p X q, Opxq the null matrix of order p x q and
by p1, p2, P3: D4, s the positive integers.

1. Methods of Construction of BBPBUB
Designs

In this section, we describe some methods of
construction of BBPBUB designs making use of the
incidence matrices of BIB designs, etc.

Theorem 2.1: Let N, (L = 1,2,3,4,5) be the v, X b,
incidence matrix of a BIB design with parameters v,
b,, 1, k,, A, such that v, = v,, v; = vs and v; =
v, + vg, then

1?2 ® N, Oszp3b3 1;74 N,

N=|1, ® N, : ,
P 0v3xp2b2 1p3 ® N ]U3><P4b4

Ivz &® 1;)5 Ivz 0U2><'U3

; 2.1)
1, &® Ng Opyxv, Ly,

is the incidence matrix of a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =p1by + pyb; + p3bs + pyby + vybs + v, +
vy v ={(p11y + pa7y + Paty + bs + D1,
(P11 + 373 + Daby + vo15 + 1)11,73} ) k' =
{11y b, k10,0, k3., (ke + v3) 1,5, (ks +

D1,,p,, 115,11, } if and only if the positive

integers p,, P2, P3, P4 and ps satisfy

piri(k; — 1) + para(ky, — 1)

pats(ky +v3 — 1) + bsks
(k4 +v3) (ks +1)

P P2y Dals }

- -1 Tk (kg tva)

P1ts DaTy Ts }
— + + =0
3 { ky  (ky+vs) (ks+1)

and

piri(ky — 1) n p3r3(k; — 1)

ky ks
Paby(ky +v3—1) VyTsks
(ky +v3) (ks +1)
A A b v,A
—(v3—1){p11+p33+ DaDy n 25 }
keq ks (ky+v3) (ks+1)

P1h D4y Ts }
- + + =0
2 { ky (ks +vs) (ks+1)

Proof: For the block design with incidence matrix N
given in (2.1) we have

C =

[(al + 51)11;2 - 5111;21;;2

—So 11;2 11,;3
_501v3 11’72

(az + s, — 5,1, 15,

where the off-diagonal elements of C(= c;;) matrix
are:

. = P Py Pals
Y key ks (k4 + v3)

= 51 (say)
LS v, &IFE ]

_ Pk PaTy Ts
= ky " (ky +v3) * (ks +1)

= so(say)

i< vyj=(w+1)

o= piht n P3ts Daby Vs
N ky ks (kg tv3) (ks+1)

= s,(say) L= W+ ) &iI#E]
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and the diagonal elements of C matrix are:

piri(ky — 1) N para(ky — 1)  pary(ky +v3— 1)

k1 k2 (k4— + US)
bsks
+ m = aq (say)

and

piri(ky — 1) N par3(ks —1)  paby(ky +v3—1)

ky ks (k4 +v3)
Vorsks (say)
(k5 n 1) = ap(say

Then by Jaggi, Parsad and Gupta (1999), a, —
(VZ - 1)51 - V3SO = 0 and a2 - (v3 - 1)52 -
17250 = 0 i.e.

piri(ky — 1) n para(ky — 1)

bsks
(ks + 1)

pata(ky +v3 — 1)
(kg +v3)

A A A
_(vz_l){m 1+P22 Daly }
ky k, (ky +v3)

DaTy s } -0
(ks +1)

— {p1/11 +
° ky (ky + v3)

and

piri(k; — 1) n pars(k; — 1)

ky ks
Paby(ky +v3 — 1) VyTsks
(k4 +v3) (ks +1)
P1h P3ds Dabs 125
-(w;—-1)
key ks (kytvs) (ks+1)
1 D4y Ts }
-V + =0.
? { k1 (ks +v3) (ks+1)

Hence the proof.
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Example 2.1: Consider five BIB designs with
parameters (11,11,55,2), (7,7,3,3,1), (4,4,3,3,2),
(7,7,4,4,2) and (4,6,3,2,1) respectively. Then taking
p1=ps=1,p, =2 and p; = 3, the design D with
incidence matrix N as in (2.1) is a non-proper non-
equireplicate BBPB design with parameters vy = 7,
vi=4 , b=97 , r ={221,431,} , k'=
{51;,,31},,31;,,81,,31,,, 11,,11,}.

Corollary 2.1: In theorem 2.1, if we remove last v,
and v blocks, then we get a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =piby + prby + p3b; + puby +vybs, T =
{(p17’1 + Doy + Paty + b5)11’;2: (pimy + 373 +
Paby + V2T5)11’;3} , k' ={k1y,,, k21,0,
k31;o3b31 (ky + V3)1;;4b4: (ks + 1)1;;2175}-

Example 2.2: In example 2.1, if we remove last v,
and v; blocks, then we get a non-proper non-
equireplicate BBPB design D with p; =p, =1,
p, = 2 and p; = 3. The parameters of the design are
v;=7,v;=4,b=86, r={211,421,}, k' =
{5133, 3144,31},,817,31,,}.

Remark: Following theorems can be proved on the
similar lines of theorem 2.1. So we avoided proofs of
the theorems.

Theorem 2.2: Let N, (L = 1,2,3,4,5) be the v, X b,
incidence matrix of a BIB design with parameters v;,
b,, 1, k;, A4, such that v, = v,, v; = vs and v; =
v, + vs, then

12’12 ® N,

0173 Xp2b>

1p3 & Ns 0V3><P4b4
Ivz &® 155 Ivz 0172><1l3

; (2.2)
1,, ® N Oy, xv, L,

is the incidence matrix of a BBPB design D with
unequal block sizes with parameters v = v,, v; =
Vg, b =pib; + p2by + p3bs + poby + v3bs + v, +
T = {(P17”1 + pory +pata + bs + 1)11,;2’

(p1m1 + 0313 + V15 + 1)11,:3} , k' = {k11;11b1'

V3 y
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k21;)2b2'k31;)3b3’k41;)4b4’ (ks + 1)1;;21)5, 11;;2,

11;,.} having off-diagonal elements of its C matrix as

A A A
S =P1 1+P2 2+P44

Tk k, ks’
5 = P s
"k (ks + 1)
o = pih  P3ds 2%
2 ky ks (ks +1)

and diagonal elements of C matrix as

_ piri(ky — 1) n pa12(k, — 1) n pary(ky — 1)

“ % ks s
bek
+0s
(ks +1)
@ = piri(ky — 1) n ps313(ks — 1) V,Tsks
2 ky ks (ks +1)

Example 2.3: Consider five BIB designs with
parameters (11,11,5,5,2), (6,6,5,5,4), (5,10,4,2,1),
(6,15,5,2,1) and (5,5,4,4,3) respectively. Then taking
p1 = P, = p3 = py = 1, the design D with incidence
matrix N as in (2.2) is a non-proper non-equireplicate
BBPB design with parameters v{ =6, v; =5,b =
83 , r'=1{211,341;} , k' ={51,,,51,
21,2155, 5150, 114,115},

Corollary 2.2: In theorem 2.2, if we remove last v,
and vy blocks, then we get a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =piby + prb; + p3bs + paby +vybs, T =
{(oary + o1y + pars + bs)1,,, (D111 + pars +

vt} kK ={k,1, , k1, , k1

p1by’ p2by’ p3bsz’
! !
k41p4b4' (ks + 1)1172b5}'

Example 2.4: In example 2.3, if we remove last v,
and v; blocks, then we get a non-proper non-
equireplicate BBPB design D with p; = p, = p; =
p, = 1. The parameters of the design are vy =
v;=5 , b=72 , r ={2014,331;} , k
{5111, 514,215, 2145, 5130}

4

Theorem 2.3: Let N; (L = 1,2,3,4,5) be the v, X b;,
incidence matrix of a BIB design with parameters v,
b,, 1., k., A, such that v, = v,, v; = vs and v, =
v, + v3, then

, 1, ®N, O 1, ®N.
N=|1, @N,: P27 77 “rbels o ® Ny
0v3><pzh2 1p3 & Ns V3Xpaby

]vzxpsbs Ivz 01;2><1J3

1,, ® Ns Opxw, Iy, 23)
is the incidence matrix of a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =p1by + pyby + p3bs + paby + psbs + v, +
= {(P17'1 + Py + puty + Psbs +
D1y, (pi1y + psrs + psts + 1)11,;3}: k' ={k1,,,
ka1y,p, k31p p Kaly,p,, (ks + v2)15, 5,115,

11;,.} having off-diagonal elements of its C matrix as

1%} y

s = P P2ly  Dala Psbs

! ky L& ky = (ks+vy)
5 = pihy DsTs

0 ky (ks +vy)
o = pih  P3ds Pss

2 key ks (ks + ;)

and diagonal elements of C matrix as

@ = piri(k; — 1) n pa1y(ky — 1) n pary(ky — 1)
! ky k; ky

psbs(ks + v, — 1)
(ks +vy) '

@ = piri(ky — 1) n psr3(k; — 1)
2 k, ks

psts(ks + v, — 1)
(ks +v7)

Example 2.5: Consider five BIB designs with
parameters (9,12,4,3,1), (5,10,4,2,1), (4,4,3,3,2),
(5,5,4,4,3) and (4,6,3,2,1) respectively. Then taking
p1=1,p, =2,p3 =p, =3 and ps = 4, the design
D with incidence matrix N as in (2.3) is a non-proper
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non-equireplicate BBPB design with parameters vy =
5, v;=4, b=92, r ={491,261,} , k' =
{311,,2150,31y,, 41457154, 115,11}

Corollary 2.3: In theorem 2.3, if we remove last v,
and v5 blocks, then we get a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =piby + prb; + p3bs + paby +psbs, T =
{(oary + oy + pars + psbs)1,,, (D111 + pars +
Psrs)l;@} ' k' = {k11;71b1vk2 1;;21;2' k31;73b3v
kaly,p,, (ks + v2)15, . 3.

Example 2.6: In example 2.5, if we remove last v,
and v; blocks, then we get a non-proper non-
equireplicate BBPB design D with p; =1, p, = 2,
p3 =ps =3 and ps =4. The parameters of the
design are v;=5, v;=4, b=83 , r' =
{4815,251,}, k' = {31},,21,,,31},,41,5,71,,}.

Theorem 2.4: Let N, (L = 1,2,3,4,5) be the v, X b,
incidence matrix of a BIB design with parameters v,
b,, 1, k;, A4, such that v, = v,, v; = vs and v; =
v, + vg, then

1;72 N, 0U2><Z73b3 1;14 N,

N=|1, N, : ,
P1 0v3><p2b2 1p3 Q N 0U3><Z74b4

0V2><I75b5 Ivz Ovzxv3

, 2.4
1p5 ® Ns 0v3><v2 Iv3 ( )

is the incidence matrix of a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =p1by + pob, + p3bz + pyby + psbs + v, +
vy , 1= {(Piﬁ t a1y +paTy + 1)11':2: (s
p373 + psTs + 1)11,;3} K ={k1, k1,
k31y b kaly,p,, ks, 115,115} having  off-
diagonal elements of its C matrix as

P Py Dady
S = + + )
Yk k, ky

_ P
k1 !

So

_ P1h | p3dz | Psds
S, = I, + 7 + s

and diagonal elements of C matrix as

@ = piri(ky — 1) n pa12(ky — 1) n para(ky — 1)
! ky k, ky '

@ = piri(ky — 1) n pars(ks — 1) " psts(ks — 1)
2 kl k3 k5 .

Example 2.7: Let N, (L=1,2,345) be the
incidence matrix of five BIB designs with parameters
(11,11,5,5,2), (6,15,5,2,1), (5,5,4,4,3), (6,6,5,5,4) and
(5,10,4,2,1) respectively. Then taking p, =p, =
P3s =ps =ps =1, the design D with incidence
matrix N as in (2.4) is a non-proper non-equireplicate
BBPB design with parameters vi =6, v; =5,b =
58 , 1 ={161;1415} , k' ={51;;,21;5 41,
514,215,,11,, 11},

Corollary 2.4: In theorem 2.4, if we remove last v,
and v3 blocks, then we get a BBPB design D with
unequal block sizes with parameters vy = v,, v; =
V3, b =piby + p2by + p3bs + puby +psbs, ' =
{(oary + oy + Pat) 1y, (D111 + pars + psrs)l;@} ;
k' = {k11;1b1’k21;2b2’ k31;?3b3’k41;74b4'k51;’5b5}'
Example 2.8: In example 2.7, if we remove last v,
and v; blocks, then we get a non-proper non-
equireplicate BBPB design D with p; = p, = p; =
ps = ps = 1. The parameters of the design are v;
6, v;=5, b=47 , r ={151,,1315} , k' =
{51;,,21,5,41,,51,,21;,}.

1. Conclusion

For comparing test-control treatments a
number of balanced bipartite block designs with
unequal block sizes obtained by the new methods of
construction given here. Such methods are flexible
enough to incorporate number of incidence matrices
of BIB designs. The obtained designs are found to
have applications in agricultural, pharmaceutical and
industrial experiments.
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