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1. Introduction

An elegantresult in the theory of distribution of zeros
of polynomials is the following known as Enestrom-
Kakeya Theorem [7]

(see also[3,4,6,7,9]:

n .

Theorem A: Let P(2) = Zaj z’ be a polynomial
=0

of degree n such that

a,=a,; ... 2a, >2a,>0.

Then all the zeros of P(z) lie in |Z| <1.

As a generalization of Theorem A, Aziz and
Zargar[1,2] proved the following results:

n
Theorem B: Let P(2) :Zasz be a polynomial

=0
of degree n such that for
some kK >1,
ka,>a,,>.... 2a,>4a,.
Then all the zeros of P(z) lie in
24k—1< ka, +|a,| —a,
2|

n .

Theorem C: Let P(2) :Zasz be a polynomial
=0

of degree n. If for some p,0<p<land

A0<A4<n-1,

a, <a, <..<q,<a, 2a;,=
Then all the zeros of P(2) lie in
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a

Recently A.A.Mogbademu et al. [8] proved the
following generalization of Theorem C:

n

Theorem D: Let P(z) = Zn:aj 2’ be a polynomial
=0

of degree n with complex cjoefficients. If

Re(a;) =«a;,Im(a;) = B3;,j=012,...., n

and forsome t>0; £ > 0,0 < A <n-1;

0<p<1,

n n-1 n-1 A+l
ta,+mt" " <t o, <...<t"a,,

<ta, 2t"a, 2. 2ta > pay,
then all the zeros of P(2) lie in
1 2a Bit-
A at+2‘
a,| |a,| t 5 t"

2|0!o|—,0(|060|+0!0)+|ﬂ0|)
tn -1

2. Main Results

In this paper we presentthe following extension of
Theorem D which also generalizes a result due to
Govil and Mctume[5].

Theorem 1: Let P(2) = Zn:aj 2" be a polynomial
j=0

of degree n with complex éoefﬁcients If

Re(a;) =«;,Im(a;)=4;,]=012,.....n

and for some t>0, p, 2 0; p, 20;

0<A<n-10<u<n-1;0<0o, <1land

- 28 208, 5 0<0, <1,
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t"a, +pt" <t <L <t

1 Xy
<tta, >t"a,,>...>ta >0,a,,
n ’ n-1 A_ln—l ' Zl+lo P < 1 [ 23% t |a0| a0 ]
t"B, +p,t"<t"B L <L <R Z—— —m o TP, +t”’1_t”_’1 :

Stiﬂ,l Zti_lﬁ)ﬁl 2. 2tp 20,0,

Taking o, =0, =1 in Theorem 1, we get the
then all the zeros of P(2) lie in

following result: Corollary 3: Let

(o +ip,)|_ 1 2a, 2B, A
. a, : m[ R P(z) = Z(; a;z ! be a polynomial of degree n with
j=
2(| o| |ﬂ0|) complex coefficients. If

+p+p, —(a, + )+ ———— Re(a;) =, Im(a;)=B;,j=012,...., n

and forsome t>0, p, >0, p, >0,

0<A<n-10<u<n-1,
(2 +|0£0|) (B, +|ﬂo|) ] H
T T TS t"a, +pt"t <t"a,, <. <t
If a;isreal ie. 5, =0,Vj=01L.....,n, then <t'a, 2t"'a,, >.>ta, > a,,
taking p, = p, p, =0,0, = o, we get the t"B +pt" Stn‘lﬁnfl <o SR
following result from Theorem 1: -1
9 - <StUB, =B L 2tB > By,
Corollary 1: Let P(z) = Zaj z’ be a polynomial then all the zeros of P(2) lie in
j=0 -
+1 200
of degree n with complex coefficients. If —M < ﬁ[ - ;1 2 nﬂf T+ 0
_ _ c a a,| tvr the
Re(a;) =«;,Im(@;) = 3;,j=012,.....,n n

and forsome t>0; p>0,0<A<n-1;
0<o <],

t"a, +pt"t <t"a , <...<t"Ma

+p, - (@, +/5’)t+| °|+|'B°|) (“o+ﬂo) ]

Taking p, = p, =0 in Theorem 1, we getthe

A+l following result:

<t*a,>t""a,,>....>ta >oa,,

n
then all the zeros of P(z) lie in Corollary 4: Let P(z) = Z(;aj 2’ bea
7 _ﬁ < i[ 2& ~a, t+ 2| 0| (ao +|ao|)po]ynomial of degreen withjcomplex coefficients. If
ja,|” t"* " Re(a,)=«;,Im@,) =4, j=012....,n
Taklng o =1 in Cor.1, we getthe following and for some t>0,
result: 0<A<n-10<pu<n-10<0o, <1 and
Corollary 2: Let P(z) = Zn:aj 2’ be a polynomial 0<o, <1,

j=0
f ith I ffici I _
o] degree n wit complex coe ICI-entS tnan < tn 10!”71 < . St“la/m _t 0.’1 > tl 1a/1 B
Re(a;)=«a.,Im(@;)=4.,j=012,.....,n
) ) ! ! 2....2ta 200,
and forsome t>0; p=>0,0<A<n-1, ~ ~
e I ) "B, <St"B L <. <tUUR L <tUB >tB
n n— n— +
t"a, +pt"t<t"la  <...<t*la, <t’a,

21, 2 0,p,

A-1
2t7ra, ) 2. 2ta 2 a,, then all the zeros of P(2) lie in

thenall the zeros of P(2) lie in
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200 J/j
| |—|a | n/l/—ll 2tn—:—1_(an+ﬁn)t
2 (|ao| + |:Ho|) (o +|0‘0 |) (B +|ﬂo|)

Taking t=1 in Theorem 1, we get the following
result:

n
Corollary 5: Let P(z) = Zaj z' bea
j=0
polynomial of degree n with complex coefficients. If
Re(a;)=«a;,Im(a;)=;,j =012,....,n
and forsome p, >0,
0, 20,2, 50 A<n-10< u<n-1,

0,,0<0,<land 0,,0<0, <1,

a,+p<a, ;<.

2, 20,0,

Bt pr <Py S S PSP 2P

2 f 20,0,
then all the zeros of P(2) lie in
(prtipy)|_ 1
- la 2 Sm[ 2a, +2ﬂy +pot P,

— (e, + B,) + 2(|cxo| +|Bo) — o1 (g +| o)
—-0,(B, +|:30|) ]

In a similar way we get many other interesting
results by taking different values of the parameters in
the above results.

3. Proofs of Theorems

Proof of Theorem 1: Consider the polynomial

© 2016 I JAIR. All Rights Reserved

S, Sa,z2a;, 2.

]

F(2) = (t-2)P(2)

=(t-2)a,z2"+a,,z2"" +...+a,2+4a,)
+Z(at

—a,z" +Z(ajt —a; )7 +agt
=1

Y (- 5,7 + A

1
=-a,2"" +(a,t-

n-1 .
a, )" + Z(ajt —a )7’

j=1
+at+H{(Bt-B,,)2"

P B2+ i

=-a,2"" +(p, —a,t)2" + ,tz"
+(at-p,—a, )" +(a,t-a, ,)2""
Fon (@ t—a))2" + (@t -, )"
FoH (gt —0a,)2+ (0,0 — )2+t
+H{(p, = B0Z" + B 2" + (Bt = pr = Bra)Z”
+(Boat = Bon)2" e+ (Bt = B,)2
F(Bt= B )2+t (Bl -0, B0)2
+(0,80 = Bo)z+ Bt}

Therefore ,for |Z| >1 so that - < tnlj for

0< j<n,wehave
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IF(2)|=| —a,2"" +(p, —a,)2" + a,tz"
+(at-p—a, )" +(a, t—a, )"
Font (@ t—a))2? +(at—a, )" +.

..... +(at—oay)z+ (o0 —0y) 2+ ot
+H(p, - B0Z" + 12" + (Bt —p, = B y)7"
+(Boat— B )" H e+ (Bt - B
+(B-B,1)7" o+ (Bt —0,8,)7
+(0285 = Bo)z+ Bot} |

> |Z|n|a‘nZ - (pl + |p2)| _|Z|n[ |ant — P _an—l|

N |an—1t - an—2| |0‘/1+1t - 0{/1| |0£/1'[ - a/171|

| Z| n-i-1 | Z| n-4

F e - — _
4™ 4" I
+ |ﬂnt — Py~ ﬁn—1| + |ﬂn_lt|;| n_2| """
‘ﬂ/ﬁrlt ﬂ ‘ ‘IB t ﬂ/[ l‘
ERT

+|ﬁ1t_0'2ﬁo| |O-2:Ho ﬂo| |180|t]

i 2R

2 |Z|n[ |anZ - (pl + |,02)| _ﬂant — P _an—l|

|an—1t - an—2| N N |a/1+1t - 0‘/1| |0‘/1t - a/l—1|

t tn—l—l tn—ﬂ
|a1t - 01a0| |ala0 - a0| |a0 |t
s o o o
n— t— n—
+|B.t=p, = B +|'Blt—’82|+ ......
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NBuat=5] 1B1=5.1

tn u-1 tn "

|ﬂ1t_52ﬂo| |O'2:Bo ﬂo| |:Bo|t
+ tn—l t n-1 tn } ]
2|Z|n[ |anz_(,01 +ip2)|—{—ant+pl

tO,  — Oy T —— ..
_ aﬂ#—l a/l 0{/1 _ 0!1_1
tn—i—z tn—/l—l tn—ﬂfl tnfi ......
@ oa, AR
tn—2 tn—l tn_l tn_l
B
=Bttt + BB : Z 4,

ﬁ/,ﬁ—l ﬁ,u ﬂ/[ ﬁy—l
+ + -

tr‘l—y—Z tn—,u—l tn—,u—l tn—,u

B o.B  p B
tnlz - tiflo - t2n|10|+2|tn01

2a
||[|az (o, + 'p2)| m"‘p1_05nt

| (g +e) B
tnf)l_ 1 Otn—l : +2tn—:;—1

sl Gl

+ P,

3]

>0
if

A

. 2a B,
|anz _(pl +Ip2)| > n—A—l +2

tn u-1
—(a, +ﬂn)t+2(| 01 ) -0,

(B + Iﬂol)

tn n-1
This shows that those zeros of F(z) whose modulus is
greater than orequal tot lie in

Pt P,

(o + |a0 |)

-0,
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(ptipy)| . 1 22 B,
la 2 H[ tn_)il +2tn —u-1 p1+p2

a2 D ()

By +|Bo)) I
0, tn—l

n

Since the zeros of F(z) whose modulus is less than t
already satisfy the above inequality and since all the
zeros of F(z) are also the zeros of P(2), it follows that
all the zeros of P(2) lie in

(p+ipy)| 11 20, Iip
B SH[ e +2tnﬁkl +p,+ P,

| 0| |ﬂo|) . (ao+|ao|)

tn- -1 1 n-1
t

(ﬂo By +15o)) I

tnl

—(a, + N +2

That completes the proof of Theorem 1.
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