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Abstract: In this paper we introduced s*ga - totally
continuous functions and investigate their properties.
Also we derive some basic properties of s*ga - totally

continuous functions and three new class s*ga. - T4, s*ga-T,, s*ga - To.
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1.INTRODUCTION

N.Levine [9] introduced the class of s*ga -continuous
functions. Jain [8] introduced totally continuous.
T.M. Nour [12] introduced the concept of totally
s*ga-continuous functions as a generalization of
totally continuousnfunctions and several properties of
totally s*gai-continuous .S.Ayawarya[1] introduced a
new class of sets namely s*ga-closed sets in
topological spaces and derive its properties , and also
find the relationship between s*ga-closed sets and
other sets. In this paper we introduced the s*ga -
totally continuous functions . Also we derive some
basic properties of s*ga. - totally continuous functions
and three new class s*ga -T4, s*ga. -To, s*ga -To.

I1. PRELIMINARIES

Throughout this paper (X, 1), (Y,0) and (Z, v)
represent non-empty topological spaces. For a subset
A of a space (X, 1), cl(A) and int(A) denote the
closure and the interior of A in X respectively. The
power set of X is denoted by P(X).

Definition 2.1: A subset A of a space (X, 1) is called

1) a generalized closed (briefly g - closed) set
[9] if cl(A) < U and U is open in (X,7) the
complement of a g - closed set is called a g -
open,
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2) a semi-generalized closed(briefly sg-closed)
set [2] if scl(A) < U whenever A < U and U is
open in (X, 1) ; the complement of sg-closed set
is called sg - open set,

3) a generalized semi-closed (briefly gs-
closed) set [4] if scl(A) < U whenever A c U
and U is open in (X, t) ; the complement of gs-
closed set is gs-open set ,

4) as*ga-closed set [1] scl(A) < U whenever
A c Uand U is *ga-open (X, 1),

5) a generalized a-closed set (briefly ga-
closed) [5] if acl(A) < U whenever
A c Uand U is a-open in (X, 1),

Definition 2.2: A subset A of a space (X, 1) is called

1) s*ga-continuous [1] if the inverse image of
each open subset of Y is s*ga-open in X.

2) totally-continuous [9] if the inverse image of
each open subset of Y is clopen subset of X.

3) strongly-continuous [14] if the inverse
image of each subset of Y is clopen subset
of X.
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4) totally s*ga-continuous [13] if the inverse
image of each open subset of Y is s*ga-
clopen subset of X.

5) strongly s*go - continuous [13] if the
inverse image of each subset of Y is s*ga -
clopen subset of X.

6) pre s*ga. - open [3] if the inverse image of
every s*ga - open set in X is s*ga - open in
Y.

Definition 2.3 The topological space (X, 1) is said to
be

1) a T, space [10] if every g'- closed set is
closed.

2) a Ty, space [6] if every gs - closed set is
closed.

3) a T, space [11] if every gs - closed set is g'-
closed.

4) a , T, space [5] if every ag - closed set is
closed.

5) a T space [5] if every ag - closed set is g'-
closed.

6) a,Ty, space [16] if every *go - closed set
is closed.

7) aT, space [17] if every gs - closed set is
*ga - closed.

8) a,T. space [17] if every ag-closed set is
*ga - closed.

Definition 2.4 Let A be a subset of a space (X, 7).

1) The set "{U € 1 : A < U} is called the
kernesl of A is denoted by ker(A).

2) The set n{F = X : A ¢ F,F is s*ga-closed}
is called the s*ga-closure of A and is
denoted by s*gocl(A).

3) The set U{F < X : F < AF is s*ga-open} is
called the s*go-interior of A and is denoted
by s*gaint(A).
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4) Let f: (X, 1) — (Y, o) be a function, the
subset {(x,f(x)) : X ¢ X} = X x Y is called
the graph of f and is denoted by Gr(t).

5) Let f: (X, 1) — (Y, o) be a function, the
subset {(x,f(x)) : x e X} = X x Y is called
the graph of f and is denoted by Gr(t).

DEFINITION 2.5

1) a locally indiscrete [10] if each open subset
of X'is closed in X;

2) s*ga-connected [15] if X cannot be written
as a disjoint union of two non-empty s*go.-
open;

3) ultra normal [13] if each pair of non-empty

disjoint closed sets can be separated by
disjoint clopen sets;

4) weakly hausdorff [13] if each element of X
is an intersection of regular closed sets;

5) ultrahausdorff [15] if for each pair of distinct
points X and y in X, there exist clopen sets A
and B containing x and y, respectively, such
that AnB = ¢;

Il s*ga-totally continuous functions in topological
spaces

Definition 3.1

Let X be a topological space and x € X.
Then the set of all points y in X such that x and y
cannot be separated by s*ga-separation of X is said
to be the quasi s*ga-component of x. A quasi s*ga -
component of a point x in a space X means the
intersection of all s*ga.-clopen sets containing x.

Definition 3.2

A function f: X — Y is said to be s*ga-
totally continuous function if the inverse image of
every s*go-open subset of Y is clopen in X.
Example 3.3

Let X =Y ={a, b, c},t={X ¢, {a}, {b,
c}} and 6 ={Y, ¢, {a},{b}.{a, b}}Then S*GOu(Y) =
{Y, ¢, {a}, {a, b}, {a, c}}. Define f(a) = a, f(b) = b
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and f(c) = c. Clearly the inverse image of each s*ga. -
open is clopen in X. Therefore f is a s*ga. - totally
continuous function.
Theorem 3.4

A function f: X — Y is s*go-totally
continuous if and only if the inverse image of every
s*go-closed subset of Y is clopen in X.
Proof

Let F be any s*ga-closed set in Y. Then Y —
F is s*ga - open set inY. By definition f(Y — F) is
clopen in X. That is X - f*(F) is clopen inX. This
implies f*(F) is clopen in X. if V is s*go. - open in Y
, then Y=V is s*ga - closed in Y .By hypothesis, f
LY =Vv) =X -}V ) is clopen in X, which implies
YV ) is clopen in X. Thus, inverse image of every
s*ga. - open set in Y is clopen in X. Therefore f is
s*go - totally continuous function.
Theorem 3.5

Every s*ga - totally continuous function is a
totally continuous function.
Proof

Suppose f: X — Y is s*ga - totally
continuous and U is any open subset of Y. Since
every open set is s*ga. - open, U is s*ga. - open in Y
and f: X — Y is s*ga - totally continuous, it follows
£1(U) is clopen in X. Thus inverse image of every
open set in Y is clopen in X. Therefore the function f
is totally continuous. The converse of the above
theorem need not be true.
Example 3.6

Let X =Y ={a, b, c}, 1= {X, ¢, {a}.{b, c}}
and o = {Y, ¢, {a}}.Then S*Ga(Y) = {Y, ¢,
{a}.{b}.{c}.{a, c}}. Define f: (X, 1) — (Y, o) asf (a)
= a, f (b) = b, f(c) =c. Clearly the inverse image of
every open set is clopen. Therefore f is totally
continuous. But f is not s*ga - totally continuous,
because for the s*ga-open set {a, b}, f'{a, c} = {a,
c} is not clopen in X.

Theorem 3.7

Every s*ga - totally continuous function is
totally s*ga - continuous.
Proof

Suppose f: X — Y is s*ga - totally
continuous function and A is any open set in Y. Since
every open set is s*ga - open and f: X — Y is s*ga. -
totally continuous, it follows that f*(A) is clopen and
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hence s*ga-clopen in X. Thus the inverse image of
each open set in Y is s*ga-clopen in X. Therefore f is
totally s*go-continuous. The converse of the above
need not be true.

Example 3.8

Let X =Y ={a, b, c}, t={X, ¢, {a}, {b, c}}
and o = {Y, ¢, {a}}. S*Ga(X) = {X, ¢, {a},
{b}.{c}.{a b}.{a, c}{b, c}} and S*Ga (Y) = {Y, ¢,
{a}.{b}.{c}{a b}.{a, c}}. Define f: (X, 1) — (Y, o)
as f(a) = a and f(b) = f(c) = b. Clearly the inverse
image of every open set is s*ga-clopen. Therefore f
is totally s*ga-continuous. But f is not s*ga-totally
countinuous, because for the s*ga.-open set {a},
f'{a,c} = {a,c} is not clopen in X.

Theorem 3.9

Let f: X — Y be a function, where X and Y
are topological spaces. Then following are
equivalent:

0] f is s*ga-totally continuous.

(i) for each x € X and each s*ga-open set V in
Y with f (X) € V, thereisa

clopen set U in X such that x € Uand f (U) c V.
Proof

(1)=(ii)

Suppose f: X — Y is s*ga-totally
continuous and V be any s*ga-open set in Y
containing f(x) so that x € (V). Since f is s*ga -
totally continuous, f*(V) is clopen in X. Let U = f*
(V), then U is clopen set in X and x € U. Also f(U) =
f(F'(V)) c V. This implies f(U)) ¢ V.

(it)=(i)

Let V be s*ga-open in Y. Let x € f*(V) be
any arbitrary point. This implies f(x) € V. Therefore
by (ii) there is a clopen set f(G,) < X containing X
such that f(G,) € V , which implies G, ¢ (V).
We have x € G, c f'(V). This implies f'(V) is
clopen neighbourhood of x. Since x is arbitrary, it
implies f*(V) is clopen neighbourhood of each of its
points. Hence it is clopen set in X. Therefore f is
s*ga-totally continuous.

Definition 3.11

A space X is said to be s*ga—T, iff for each pair of
distinct points x and y in X, these exists s*ga-open
sets U and V containing x respectively, such ygU
and xeV.

Theorem 3.12
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Let f: X — Y be a s*ga - totally continuous
function from a space X into a s*g space Y . Then fis
constant on each quasi s*ga - component of X.

Proof

Let a and b be two points of X that lie in the
same quasi s*ga. - component of X. Then f(a) and
f(b) are elements in Y . Assume f(a) = a # p= f(b).
Since Y is semi-T1, {o} is s*ga - closed in Y and so
Y - {a} is s*ga - open. Since f: X — Y is s*ga -
totally continuous f*({c}) and f'(Y — {a}) are
disjoint clopen subsets of X. Further a € f*({a}) and
b € f1(Y — {o}),which is a contradiction in view of
the fact that b belongs to quasi s*ga. -component of
a and hence b must belong to every clopen set
containing. Hence the result.

Definition 3.13

s*ga -connected if X cannot be written as a disjoint
of two non-empty s*ga. -open.

Theorem 3.14

If f: X — Y is s*ga - totally continuous
function from an s- connected space X onto any
space Y, then Y is an indiscrete space.

Proof

Suppose f: X — Y is a s*ga - totally
continuous function from an s- connected space X
onto any space Y. If possible, suppose Y is not
indiscrete. Let A be a proper non empty s*ga. - open
subset of Y. Then f*(A) is a proper non - empty
clopen and hence s*ga - clopen subset of X. This
implies f'(A) is a proper non - empty s*ga. - open
subset of X, which is a contradiction to the fact that X
is s - connected. Therefore Y must be indiscrete.
Theorem 3.15

The composition two s*go - totally
continuous functions is s*ga - totally continuous.
Proof

Let f: X -> Y and g: Y — Z be any two
s*ga. - totally continuous functions. Let V be a s*ga. -
open set in Z. Since g is s*ga - totally continuous g’
(V) is clopen and hence open in Y. Since every open
set is s*ga - open, g*(V) is s*go - open in Y.
Further, since f is s*ga - totally continuous,

i g™V)) = (gH(V) is clopen in X
Hence gof : X — Z is s*ga. - totally continuous.
Theorem 3.16
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Let f: X — Y be s*ga-totally continuous
and g: Y — Z be any function. Then gef: X — Z is
s*ga-totally continuous if and only if g is irresolute.
Proof

Let g: Y — Z be irresolute. let gof : X — Z be
semi-totally continuous. Let V be semiopen set in Z.
Since gof : X — Z is s*ga - totally continuous, (g ° f)’
Yv ) =fYg*(V)) is clopen in X. Since f is s*ga-
totally continuous, g™(V) is s*ga-open in Y. Thus the
inverse image of each s*ga-open set in Z is s*ga-
open inY. Hence g is irresolute.

Definition 3.17

Let f: X — Y be a function. Then the graph
function of f is defined by g(x) = (x, f(x)) for each
Xe X
Theorem 3.18

A function f. X — Y is s*ga-totally
continuous, if its graph function is s*ga-totally
continuous.

Proof

Let g: X — X x Y be the graph function of
f: X —> Y . Suppose g is s*ga-totally continuous and
F be a s*go-open set in Y. Then X x F is a s*ga-
open set of X x Y. Since g is s*ga-totally continuous,
g (X x F) = f(F) is clopen in X. Thus the inverse
image of every s*ga-open set in Y is clopen in X.
Therefore f is s*ga-totally continuous. Let {X ;: A €
A} be a family of topological spaces. Then the
product space of {X ,: L € A} is denoted by IT{X ,: &
€ A} orsimply IT X ;.

Theorem 3.19

If a function f: X — IIY, is s*ga-totally
continuous, then p; o f: X — Y, is s*ga-totally
continuous for each A € A, where p;, is the projection
of ITY; onto Y ;.

Proof

For A € A, suppose V, is any s*ga-open set
in Y,. Then p™, (V,) is s*go-open in I1 Y. Since f is
s*ga-totally continuous, £1(p, (V) = (p,=f) ™ (V,) is
clopen in X. Therefore f: X — Y, is s*ga-totally
continuous.In the sequel, the relationships between
s*go-totally continuous functions and separation
axioms are investigated.

Theorem 3.20

If f. X — Y is s*ga-totally continuous
injection and Y is s*go-To, then X is ultra-
Hausdorff.
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Proof

Let a and b be any pair of distinct points of
X and f be injective. Then f(a) # f(b) in Y . Since Y is
s*go—T,, there exists a s*ga - open set U containing
say f(a) but not f(b). Then, we have a € f'(U) and be
f1(U). Since f is s*ga - totally continuous f(U) is
clopen in X. Also a € f(U) and b € X - f}(U). This
implies every pair of distinct points of X can be
separated by disjoint clopen set s in X. Therefore X is
ultra - Hausdorff.
Theorem 3.21

If f: X — Y is s*ga - totally continuous
injection and Y is s*g-T,, then X is ultra - Hausdorff.
Proof

Let X4, X, € X and X; # X,. Then, since f is
injective, f(x;) # f(xp) in Y. Further, since Y is s*ga-
T,, there exist V; and V, € SO(Y) such that f(x,) €
Vi, f(x2) € V,and Vi NV, = ¢. This implies x; € f
YVvy) and x, € f*(V,). Since f is s*go-totally
continuous, f*(V,) and f*(V,) are clopen sets in X.
Also F1(Vy) N FY(Vy) = F1(V1 NV,) = ¢. Thus every
two distinct points of X can be separated by disjoint
clopen sets. Therefore X is ultra - Hausdorff.
Theorem 3.22

If : X — Y is s*ga - totally continuous,
closed injection and Y is s - normal, then X is ultra -
normal.
Proof

Let F; and F, be disjoint closed subsets of X.
Since f is closed and injective, f(F,) and f(F,) are
disjoint closed subsets of Y . Since Y is s - normal,
f(F,) and f(F,) are separated by disjoint s*ga. - open
sets V, and V, respectively. Therefore we obtain, F;
c f(Vy) and F, c f(V,). Since f is s*go. - totally
continuous, f'(V,) and f*(V,) are clopen sets in X.
Also, F1(Vy) N F1(V,) = (V4 N V,) = ¢. Thus each
pair of non-empty disjoint closed sets in X can be
separated by disjoint clopen sets in X.
Therefore X is ultra - normal.
Theorem 3.23

If f: X — Y is s*ga - totally continuous
surjection and X is connected then Y is s - connected.
Proof

Suppose Y is not s-connected. Let A and B
form disconnection of Y .Then A and B are s*ga. -
open setsin Y and Y = AU B where ANB = ¢. Also
X =fY(Y)=fY(Au B) = f'(A) U f(B), where
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f(A) and f(B) are non-empty clopen sets in X,
because f is s*ga-totally continuous. Further
f1(A) N F1(B) = (A N B) = ¢. This implies X is not
connected, which is a contradiction. Hence Y is s -
connected.
Theorem 3.24

Let f: X — Y be a totally continuous, closed
injection. If Y is s-regular then X is ultra-regular.
Proof

Let F be a closed set not containing X. Since
f is closed, we have f(F) is a closed set in Y not
containing f(x). Since Y is s-regular, there exists
disjoint s*ga-open sets A and B such that f(x) € A
and f(F) c B, which implies x € f'(A)and F c f
1(B), where f*(A) and fY(B) are clopen sets in X
because f is totally continuous. Moreover, since f is
injective, we have f*(A) N f(B) = f*(ANB) = f*(¢)
= ¢. Thus, for a pair of a point and a closed set not
containing the point, they can be separated by disjoint
clopen sets. Therefore X is ultra-regular.
Theorem 3.25

If . X — Y is s*ga-totally continuous
injective s*ga-open function from a clopen normal
space X onto a space Y, then Y is s*ga-normal.
Proof

Let F; and F, be any two disjoint s*ga-
closed sets in Y. Since f is s*ga-totally continuous,
f1(F,) and f(F,) are clopen subsets of X. Take U = f
Y(Fy) and V = f!(F,). Since f is injective U NV = f
YFy) N FYFy) = FY(F, N Fy) = £Y(¢) = ¢. Since X is
clopen normal there exist disjoint open sets A and B
such that U c A and V c B. This implies F, = f(U) c
f(A) and F, = f(V ) c f(B). Further, since f is
injective s*ga-open, f(A) and f(B) are disjoint s*ga. -
open sets. Thus, each pair of disjoint s*ga-closed sets
can be separated by disjoint s*go-open sets.
Therefore Y is s*ga-normal.
Definition 3.26

A function f: X — Y is said to be s*ga -
totally open if the image of every s*go-open set in X
is clopenin Y.

Theorem 3.27

If a bijective function f : X — Y is s*ga. -
totally open, then the image of each s*ga. - closed set
in X isclopeninY .
Proof
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Let F be a s*ga. - closed set in X. Then X-F
is s*ga. - open in X. Since f is s*ga - totally open,
f(X —F) =Y - f(F) is clopen in Y . This implies f(F) is
clopeninY .

Theorem 3.28

A surjective function f : X — Y is s*ga -
totally open if and only if for each subset B of Y and
for each s*ga -closed set U containing f(B), there is
a clopen set V of Y such that B c V and f'(V )c U.
Proof

Suppose f: X — Y is a surjective s*ga-
totally open function and B < Y. Let U be s*ga-
closed set of X such that '(B) c U. Then V = Y -f(X
— U) is clopen subset of Y containing B such that f
(V) € U. On the other hand, suppose F is a s*ga. -
closed set of X. Then f*(Y — f(F)) c X —Fand X - F
is s*ga. - open. By hypothesis, there exists a clopen
set V of Y such that Y - f(F) € V, which implies
(V) € X — F. Therefore F c X - f1(V). Hence Y —
V c f(F) c f(X - f}(V)) € Y — V. This implies,
f(F) =Y =V, which is clopen in Y . Thus, the image
of a s*ga - openset in X is clopen in Y. Therefore f is
a s*ga - totally open function.

Theorem 3.29

The composition of two s*ga - totally open
functions is again s*ga - totally open.
Proof

Suppose f: X — Y and g: Y — Z are any
two s*ga - totally open functions. Then their
composition is
gef: X — Z. Let V be a s*go - open set in X.
Consider (gef)(V)= g(f(V)). Since f is s*ga - totally
open, f(V) is clopen in Y . Hence it is open in Y. But
every open set is s*ga - open, which implies f(V) is
s*go. - open in Y . Since g is s*go - totally open,
g(f(V)) is clopen in Z. Thus, the image of each s*ga -
open set in X is clopen in Z. Therefore gof: X — Z is
s*ga. - totally open.

Theorem 3.30

If f: X — Y is s*ga - totally continuous and
s*go. - totally closed surjection from an s - normal
space X to a space Y , then Y is ultra - Hausdorff.
Proof

Let A and B be disjoint closed sets of Y.
Since f: X — Y is s*ga-totally continuous, f*(A) and
£1(B) are clopen hence closed sets in X. Since X is s -
normal, there exist disjoint s*ga.-open sets U and V
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such that f*(A) c U and f*(B) c V. There are clopen
sets G and H such that Ac G, B c Hand f(G) c U,
f1(H) c V. Then we have, f}(G) N f'(H)c U NV =
¢, which implies fY(GNH) < ¢, which implies
GNH = ¢. Thus every pair of non-empty disjoint
closed sets can be separated by disjoint clopen sets.
Therefore Y is ultra-Hausdorff.
Definition 3.31

A function f: (X, 1) — (Y, o) is called
totally s*ga-continuous if the inverse image of every
open set of (Y, o) is a s*ga-clopen subset of (X, 1).
Theorem 3.32

Every totally s*ga-continuous function is
s*ga-continuous.
Proof

Let V be a open set of (Y, ©).Since f is
totally s*ga-continuous, f*(V) is s*g-closed in (X,
7).Since every closed set is s*ga-closed. Hence (V)
is s*go-closed in (X,t). Therefore f is s*ga-
continuous.
Example 3.33

Let X =Y = {a, b, ¢} with t = {¢, X, {a}}
and o = {9, Y,{a},{a, b}}, o™= {9, Y,{c},{b, c}}.The
function f: (X, 1) — (Y, o) be defined as f(a) = b, f(b)
= aand f(c) = c. The s*ga - open sets of (X, 1) are ¢,
X {a}.{b}{c}{a, c}{a, b}rThus f is s*go-
continuous but not totally s*ga-continuous. Since the
inverse image of the open set f*{a} = {a} in (Y,o) is
not s*ga-open in (X, 1).

Definition 3.35

A topological space (X, 1) is said to be
s*ga-connected union of two non - empty disjoint
s*ga - open sets.

Theorem 3.36

A space (X, 1) is s*ga - connected if and
only if every totally s*ga - continuous function from
a space (X, 1) into any T, space (Y, o) is a constant
map.
Proof
Necessity part

Suppose f: (X, 1) — (Y, o) is a totally s*go
- continuous function, where (Y, o) is a T, space. On
the contrary if we suppose that f is not a constant
map, then we can select two points x and y in X such
that f(x) — f(y).Since (Y,o) is a T, space and f(x) and
f(y) are distinct points of Y, then there exists an open
set G in (Y, o) containing f(x) but not f(y).Since f is
totally s*go - continuous function, then f*(G) is s*ga
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- clopen subsets of (X, 7). Clearly x f(G) and f*(G).
Now X = f(G) < (f*(G)), which is the union of two
non - empty s*ga - open subsets of X. Thus X is not
a s*ga. - connected space. A contradiction.
Sufficiency part

Suppose (X, 1) is not a s*ga - connected
space. Then there exists a proper non-empty s*go -

CONCLUSION
In this paper we introduced a new class of sets
namely s*go -totally continuous function in
topological spaces and using this sets we introduced
three new class s*ga -Tq, s*ga -T», s*ga - T,
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